INEQUALITIES FOR SEMISTABLE FAMILIES 
OF ARITHMETIC VARIETIES 



SHU KAWAGUCHI AND ATSUSHI MORIWAKI 



Abstract. In this paper, we will consider a generalization of Bogomolov's inequality and 
Cornalba-Harris-Bost's inequality to the case of semistable families of arithmetic varieties 
under the idea that geometric semistability implies a certain kind of arithmetic positivity. 
The first one is an arithmetic analogue of the relative Bogomolov's inequality in j2^| . We also 
establish the arithmetic Riemann-Roch formulae for stable curves over regular arithmetic 
varieties and generically finite morphisms of arithmetic varieties. 

CO 

Introduction 

In this paper, we will consider a generalization of Bogomolov's inequality and Cornalba- 
Harris-Bost's inequality to the case of semistable families of arithmetic varieties. An un- 
derlying idea of these inequalities as in @, §, §, |7|, |n§, 0, @], [gTJ , @, and 



is that geometric semistability implies a certain kind of arithmetic positivity. The first one 
is related to the semistability of vector bundles, and the second one involves the Chow (or 
Hilbert) semistability of cycles. 

O : 

D , First of all, let us consider Bogomolov's inequality. Let X and Y be smooth algebraic 

varieties over an algebraically closed field of characteristic zero, and / : X — > Y a semi- 
stable curve. Let E be a vector bundle of rank r on X, and y a point of Y. In |22[, the 
second author proved that if / is smooth over y and E\ x _ is semistable, then disx /y(E) = 
/* (2rc 2 (E) — (r — l)cf(£ 1 )) is weakly positive at y. 

In the first half of this paper, we would like to consider an arithmetic analogue of the above 
result. Let us fix regular arithmetic varieties X and Y, and a semistable curve / : X — > Y. 
Since we have a good dictionary for translation from a geometric case to an arithmetic case, 
it looks like routine works. There are, however, two technical difficulties to work over the 
standard dictionary. 

The first one is how to define a push-forward of arithmetic cycles in our situation. If 

/q : Xq — > Yq is smooth, then, according to Gillet-Soule's arithmetic intersection theory 

- — - p— l - — - p 

M, we can get the push- forward /* : CH (X) — ► CH (Y). We would not like to restrict 
ourselves to the case where fq is smooth because in the geometric case, the weak positivity 
of disx/y(E) gives wonderful applications to analyses of the boundary of the moduli space 
of stable curves. Thus the usual push-forward for arithmetic cycles is insufficient for our 
purpose. A difficulty in defining the push-forward arises from a fact: if /c : X(C) — ► Y(C) 
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is not smooth, then (fc)*(v) * s n °t necessarily C°° even for a C°° form rj. This suggests 
us that we need to extend the usual arithmetic Chow groups defined by Gillet-Soule 0. 
For this purpose, we will introduce an arithmetic L 1 -cycle of codimension p, namely, a pair 
(Z,g) such that Z is a cycle of codimension p, g is a current of type (p — l,p — 1), and g 

and dd c (g) + 8z(c) are represented by locally integrable forms. Thus, dividing by the usual 

— p 

arithmetical rational equivalence, an arithmetic Chow group, denoted by CH L i, consisting 
of arithmetic L 1 -cycles of codimension p will be defined (cf. § [2.2| ). In this way, we have the 
natural push-forward 

/.:ch£ 1 (x)->chJ 1 (i') 



as desired (cf. Proposition [2.2.2|) 



The second difficulty is the existence of a suitable Riemann-Roch formula in our situation. 
As before, if fo : Xn — > Yn is smooth, we have the arithmetic Riemann-Roch theorem 



due to Gillet-Soule |[L1|| . If we ignore Noether's formula, then, under the assumption that 
/q : Xq — > Yq is smooth, their Riemann-Roch formula can be written in the following form: 

ci (det /if) -rk(E)cx (detfl/*(0 x )^Q X ) 

= /, Q (c^) 2 - ^(1) • C 1 (U X/Y )) - C 2 (£)) 

where E = (E, h) is a Hermitian vector bundle on X and a7x/y is the dualizing sheaf of 
/ : X — > y with a Hermitian metric. If we consider a general case where /q : Xq — > Yq is 
not necessarily smooth, the right hand side in the above equation is well defined and sits in 

CH l i(X)q. On the other hand, the left hand side is rather complicated. If we admit singular 
fibers of /c : X(C) — > Y(C), then the Quillen metric hg is no longer C°°. According to [IJ, 

it extends to a generalized metric. Thus, we may define C\ fdet Rf*(E), hg) (cf. § f3.2| ). In 

general, this cycle is not an L 1 -cycle. However, using Bismut-Bost's formula |]], we can see 
that 

cx (det Rf*(E),h%) -rk(S)ci (det Rf*{O x ), h% x 



is an element of CB. L i(Y). Thus, we have a way to establish a Riemann-Roch formula in 

the arithmetic Chow group CH l i{Y)q. Actually, we will prove the above formula in our 

situation (cf. Theorem p. 2.1 ). The idea of comparing two sides in CB. l i(Y)q is the tricky 
Lemma |2.5.1| . 

Let us go back to our problem. First of all, we need to define an arithmetic analogue of 

weak positivity. Let a be an element of CH l i(F)q, S a subset of Y(C), and y a closed point 
of Yq. We say a is semi-ample at y with respect to S if there are an arithmetic L 1 -cycle 
(E, f) and a positive integer n such that (1) dd c (f) + 5e(c) is C°° around each z 6 5, (2) 
E is effective, (3) y Supp(-E), (4) f(z) > for all z G S, and (5) na coincides with the 

class of (E,f) in CH I/ i(Y)q. Moreover, a is said to be weakly positive at y with respect to 
S if it is the limit of semi-ample cycles at y with respect to S (for details, see §3.5|). For 
example, if Y — Spec(O^), y is the generic point, and S = Y(C), then, a is weakly positive 
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at y with respect to S if and only if deg (a) > 0, where K is a number field and Ok is the 
ring of integers in K (cf. Proposition |3.6.1|) . 



Let (E, h) be a Hermitian vector bundle of rank r on X, and <Hsx/y{E, h) the arithmetic 



i 



discriminant divisor of (E,h) with respect to / : X — > Y, that is, the element of CH L i(Y) 
given by /* (2rc 2 (E, h) — (r — l)ci(E, h) 2 ). We assume that / is smooth over y and E\ x 
is poly-stable. In the case where dimX = 2 and Y = Spec(Ojf), Miyaoka |I7| |, Moriwaki 



Tq , [19| , |20| , and Soule |2J] proved that deg ^disx/y(£', h) ) > 0, consequently, disx/y(£', h) 



is weakly positive at y with respect to Y(C). One of the main theorems of this paper is the 
following generalization. 



Theorem A (cf. Theorem |8.1|) . Under the above assumptions, (Hsx/y{E, h) is weakly posi- 



tive at y with respect to any subsets S ofY(C) with the following properties: (1) S is finite, 
and (2) f^ 1 (z) is smooth and Ec\f-if z ) poly-stable for all z G S. In particular, if the 
residue field of x is K, and the canonical morphism Spec (if) — * X induced by x extends to 
x : Spec(O^) -> X, then deg (x* (dis x /y(£, h))) > 0. 

Next, let us consider Cornalba-Harris-Bost's inequality. Motivated by the work of Cor- 
nalba and Harris in the geometric case, Bost ||, Theorem I] proved that, roughly speaking, 
if X(Q) C P r_1 (Q) has the SL r (Q) semi-stable Chow point, then the height of X has a cer- 
tain kind of positivity. We call this result Cornalba-Harris-Bost's inequality. Zhang p7| 
then gave precision to it and also showed the converse of Bost's result. Further, Gasbarri || 
considered a wide range of actions instead of SL r (Q)-action. 

In the second half of this paper, we would like to consider a relative version of Cornalba- 
Harris-Bost's inequality. First, let us fix a terminology. Let V be a set, cf) a non- negative 
function on V, and S a finite subset of V. We define the geometric mean g.m.(</>; S) of (p 
over S to be 

V#(S) 

g.m.(0; S) 
Then, the following is our solution. 




Theorem B (cf. Theorem |10.1.4j ). Let Y be a regular projective arithmetic variety, and 



E = (E, h) a Hermitian vector bundle ofrankr. Let tt : ¥(E) = Proj(® n>0 Sym n (£' v )) — > Y 

be the projection and 0^(1) the tautological line bundle with the quotient metric induced 
from f*(h). Let X be an effective cycle in F(E) such that X is flat over Y with the relative 
dimension d and degree 5 on the generic fiber. For each irreducible component Xi of X re d, 
let Xi — > Xi be a proper birational morphism such that (^Q)q is smooth over Q. Let Y be 
the maximal open set of Y such that the induced morphism Xi — > Y is smooth over Y Q for 
every i. Let (B,hB) be a line bundle equipped with a generalized metric on Y given by the 
equality: 

c 1 (B,h B )=rir* (c!(^(T)) d+1 • (X,g x j) + S(d+ l)ci(E). 
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(Here we postpone the definition ofgx, i-e., a suitable compactification of X in the arithmetic 
sense.) Then, Jib is C°° over Yq. Moreover, there are a positive integer e = e(r,d,5), a 
positive integer I = l(r,d,8), a positive constant C = C(r,d,5), and sections Si, . . . ,si G 
H°(Y, B® e ) with the following properties. 

(i) e, I, and C depend only on r, d, and 5. 

(ii) For a closed point y ofYq, if X y is Chow semistable, then Si(y) ^ for some i. 

(iii) For all i and all closed points y of (Yq)q, 

g.m. (jhf) (si,s<); Gal(WQ) (y)J < C, 
where 0Gai(Q/Q) (v) ^ s the orbit of y by the Galois action in Y 



Compared with the geometric analogue (cf. Remark 10.1.5|) , the difficult part of this 



theorem is the estimate of the geometric mean of the norm over the Galois orbits of closed 
points. We will do this by reducing to the absolute case. For this purpose, we have to 
associate X with a 'nice' Green current gx- How do we do? One way is to fix a Kahler metric 
fi G A 1,1 (F(E)]^) and to attach a //-normalized Green current for X, namely, a Green current 
g such that dd c g + 5 X = H(5 Y ) and H(g Y ) = 0, where H : D P > P (F(E) R ) -> H P ' P (F(E) R ) is 
the harmonic projection (cf. |5|, 2.3.2]). This construction however is not suitable for our 
purpose because it does not behave well when restricted on fibers. 

Thus we are led to define an ^-normalized Green form which is given, roughly speaking, 
by attaching a Green form fiberwisely (Here Q = ci(0e(1))). Precisely, an Jl-normalized 
Green form gx for X is characterized by the following three conditions; (i) gx is an L 1 -form 
on F(E), (ii) dd c ([g x }) + S x = Si=o t 7r *(7*) ^ ^1- wnere 7« is a ^-closed L^form of type 
(d - i, d - i) on Y (i = 0, . . . , d). (iii) n*(g x A fi r ~ d ) = (cf. Proposition fTTH) . Then we 
can show that it has a desired property when restricted on fibers (cf. Remark |9.1.4| ). 

Suppose now X is regular. Let % : X — > F(E) be the inclusion map and / : X — > Y the 
restriction of vr. If we set L = i*(0 E (l)), then vr,(ci(0^(I)) d+1 ■(X,g x )) = /*(ci(I) d+1 ) (cf. 

Proposition |9.3.1| ). Since /*(ci(L) d+1 ) is in general only an element of CH L i(F), the above 
equality explains why we need to consider (X, gx) in the enlarged arithmetic Chow group 

- — -r-d-l 

CH L i (F(E)). Moreover, a similar equality when X is not necessarily regular shows that 
tt*{ci(Oe(^)) ■ (X,gx)) is independent of the choice of an f2-normalized Green form gx for 
X (cf. Proposition pXlp . 

Suppose now Y = Spec(O^), y is the generic point, and X y is Chow semistable, where K 
is a number field. In this case, there exists a generic resolution of X smooth over y. Then 
Theorem |B| tells us that 

rdeg(ci(I) d+1 ) + 6(d + l)deg(E) + [K : Q]a(r, d,5)>0 

for some constant a(r, d, 8) depending only on r, d and 5, which is nothing but Theorem I 
ofBostQ. 

We can also think a wide range of actions like |J. Namely, let p : GL r — > GL# be a 
morphism of group schemes such that there is an integer k with p(tl r ) = t k In for any t, and 
that p commutes with the transposed morphism. For a Hermitian vector bundle E, we then 
get the associated Hermitian vector bundle E P (cf. § |9.2| ). If X is a flat cycle on F(E P ) and 
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y is a closed point of Yq, then SL r (Q) acts a Chow form &x y - The stability of <&x y under 
this action yields a similar inequality (cf. Theorem |i0.1.4p. 



Finally, in § |10.2| we make a comparison between the relative Bogomolov's inequality (The- 
orem |8j]) and the relative Cornalba-Harris-Bost's inequality (Theorem |10.1.4|) . 



1. Locally integrable forms and their push-forward 

1.1. Locally integrable forms. Let M be an n-dimensional orientable differential mani- 
fold. We assume that M has a countable basis of open sets. Let w be a C°° volume element 
of M, and C°(M) the set of all complex valued continuous functions on M with compact 
supports. Then, there is a unique Radon measure /i^ defined on the topological a-algebra 
of M such that 

L fdfMu = fuj 
Jm Jm 

for all / G Cp(M), where L fd^ is the Lebesgue integral arising from the measure jx w . 

Jm 

Let / be a complex valued function on M. We say / is locally integrable, denoted by 
/ ^ Aoc(^0> ^ / i s measurable and, for any compact sets K, 



L \f\dfi w < oo. 

J K 



Let to' be another C°° volume form on M. Then, there is a positive C°° function a on M 
with uj' = au. Thus, 



L \f\dfiui = L \f\adfi u 
Jk Jk 



which shows us that local integrability does not depend on the choice of the volume form 
uj. Moreover, it is easy to see that, for a measurable complex valued function / on M, the 
following are equivalent. 

(a) / is locally integrable. 

(b) For each point x G M, there is an open neighborhood U of x such that the closure of 

U is compact and L \f\dfi u < oo. 
Ju 

Let Q P M be a C°° vector bundle consisting of C°° complex valued p-forms. Let ir p : Q P M — > 
M be the canonical map. We denote C°°(M, Q P M ) (resp. C™(M,Q P M )) by A P (M) (resp. 
A P C (M)). Let a be a section of tt p : Q P M — > M. We say a is locally integrable, or simply an 
L^-form if, at any point of M, all coefficients of a in terms of local coordinates are locally 
integrable functions. The set of all locally integrable p-forms is denoted by L 1 1 oc (M, fl p M ). For 
an maximal form a on M, there is a unique function g on M with a = guo. We denote this 
function g by c u (a). 

Let us define the Lebesgue integral of locally integrable n-forms with compact support. 
Let a be an element of L\ oc (M, ft 1 ^ ) such that the support of a is compact. Then c u (a) G 

L\ oc (M) and supp(c w (a)) is compact. Thus, L c Ld (a)d^, Ld exists. Let uj' be another C°° 

Jm 



6 SHU KAWAGUCHI AND ATSUSHI MORIWAKI 

volume element of M. Then, there is a positive C°° function a on M with uj' = aw. Here 
ac w /(a) = c w (a;). Thus, 

L c w i{a)dn w i — L ^'(o^adfAu — L c UJ (a)ad/j, UJ . 
Jm Jm Jm 

Hence, L c u) (a)dfi UJ does not depend on the choice of the volume form uo. Thus, the 
Jm 

Lebesgue integral of a is defined by 



L a = L Cui^d/iu- 
Jm Jm 

Moreover, we denote by D P (M) the space of currents of type p on M. Then, there is the 
natural homomorphism 

[]:L\ oc {M,W M )^DV{M) 

given by [a](0) = L a A for G A™~ P (M). It is well known that the kernel of [ ] is 
Jm 

{a G L\ oc (M, Q p m ) I a — (a. e.)}. A topology on D P (M) is defined in the following way. For 
an sequence {T n }™ =1 in D P (M) ) T n — > T as n — > oo if and only if T n (0) — * T(0) as n — > oo 
for each G A"~ P (M). For an element T G D n (M), by abuse of notation, we denote by 
CujiT) a unique distribution g on M given by T = go;. 

Proposition 1.1.1. Let T 6e a current of type p on M. Then, the following are equivalent. 

(1) T is represented by a L l -form. 

(2) For any G A n ~ p (M) ; c^(T A 0) is represented by a locally integrable function. 

Proof. (1) =>- (2): Let G A n ~ p (M). Then, by our assumption, for any point x G M, 
there are an open neighborhood U of x, C°° functions a\, . . . ,a r onU, and locally integrable 
functions bi, . . . , b r on U such that 

r 



i=i 



Thus, if K is a compact set in U, then 



A" 



i=l 



d^ < L } \ai\\bi\d fi w < max sup {\ai(x)\}} L \bi\d(A u 



< oo. 



Thus, we get (2). 

(2) =>- (1): Before starting the proof, we would like to claim the following fact. Let 
{U a } ae A be an open covering of M such that A is at most a countable set. Let \ a be a 
locally integrable form U a with X a = Xp (a. e.) on U a D for all a, [3 E A. Then, there is a 
locally integrable form A on M such that A = \ a (a. e.) on U a for all ct G A. Indeed, let us 
fix a map a : M — > A with x G C/ a ( x ) and define a form A by A(x) = A ( x )(x). Then, A is our 
desired form because for each a G A, 

{x G C/ Q | X(x) + \ a (x)} C |J {xe[/ a n^|A^(x)^A a (x)} 

/3GA\{a} 
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and the right hand side has measure zero. 

Let U be an open neighborhood of a point x G M and (xi, . . . ,x n ) a local coordinate of 
U such that dx\ A • • • A dx n coincides with the orientation by uj. Then, there is a positive 
C°° function a on U with uj = adx\ A • • • A dx n over U . We set 

T — T ii-i p dx h A • • • A dx ip 

ii<—<i p 

for some distributions T ix ... iv . We need to show that T il ... ip is represented by a locally in- 
tegrable function. Since M has a countable basis of open sets, by the above claim, it is 
sufficient to check that Ti- L ... ip is represented by an integral function on every compact set K 
in U. Let / be a non-negative C°° function on M such that / = 1 on K and supp(/) C U. 
Choose ip+i, ... , i n such that . . . ,i n } — {1, . . . , n}. Here we set = fadx ip+1 A- ■ -Adxi n . 
Then, e A n ~ p (M) and 

T A = eT h ... ip fadxi A • • • A dx n = eT h ... ip fu, 

where e = 1 or — 1 depending on the orientation of {x^, ... , x in }. By our assumption, there 
is a locally integrable function h on M with c w (TA0) = [/i]. Thus, [e/i] = T^..^ f. Therefore, 
Tj r ..j p is represented by eh on because / = 1 on K. Thus, we get (2). □ 



1.2. Push-forward of L 1 -forms as current. First of all, we recall the push-forward of 
currents. Let / : M — * N be a proper morphism of orientable manifolds with the relative 
dimension d = dim M — dim N. Then, 

/* : D P (M) -> D p - d (iV) 

is defined by (/*(T))(0) = T(f *(</))) for e ^ imAr - p+(i (iV). It is easy to see that /* is a 
continuous homomorphism. Let us begin with the following lemma. 

Lemma 1.2.1. Let F be an orientable compact differential manifold and Y an orientable 
differential manifold. Let uj f (resp. uj y ) be a C°° volume element of F (resp. Y). Let 
p : F x Y — > Y be the projection to the second factor. Then, we have the following. 

(1) If g is a continuous function on F x Y , then J F gujF is a continuous function on Y. 

(2) If a is a continuous maximal form on F x Y , then p*{[oi\) is represented by a unique 
continuous from. This continuous form is denoted by f p ct. 

(3) For a continuous function g on F x Y , 



< Q 



U>y 



\g\u>F A LUy 



Proof. (1) This is standard. 



(2) Since ujf A Uy is a volume form on F x Y, there is a continuous function g on F x Y 
with a = guF Auy. Thus, it is sufficient to show that 

P*(H) = 



gu F uy 



cS 
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Indeed, by Fubini's theorem, for <fi 6 A° C {Y), 



p*([a])(0) = (pa 

JFxY 

(3) This is obvious because 



Y \JF 



gu F 4>lv y 



/ gu F 




Jf 





guj F Wy 



(0). 



□ 



Corollary 1.2.2. Let f : X — > Y be a proper, surjective and smooth morphism of connected 
complex manifolds. Let uox and uoy be volume elements of X and Y respectively. Then, 
(1) For a continuous maximal form a on X, /*([«]) is represented by a unique continuous 



form. We denote this continuous form by J 



(2) For any continuous functions g on X, 



a. 



u>y \ i g^x 



< c, 



f 



Proof. (1) This is a local question on Y. Thus, we may assume that there are a compact 
complex manifold F and a differomorphism h : X ^ F xY such that the following diagram 
is commutative: 



X 



Y 



FxY 



Y. 



where p : F x Y — > Y is the natural projection. Hence, (1) is a consequence of (2) of 



Lemma 1.2.1 



(2) First, we claim that if the above inequality holds for some special volume elements 
ojx and LOy, then the same inequality holds for any volume elements. Let u' x and io' Y be 
another volume elements of X and Y respectively. We set u' x = aux and uj' y = buy- Then, 
a and b are positive C°° functions. Let g be any continuous function on X. Then, by our 
assumption, 



■'UJy 



g^x 



ujy \ i g auj x 
f 



<c, 



ujy \ i \g\ au} x 
f 



ujy \ i igi^x 
f 



On the other hand, for any maximal forms aonY, 

Cujy («) = b Cuj' Y (a) • 

Thus, we get our claim. 

Hence, as in the proof of (1), using the differomorphism h and (3) of Lemma [1.2.1| , we can 
see (2). □ 



Remark 1.2.3. In the situation of Corollary |1.2.2| , if a is a C°°-form on X, then /*([«]) is 
represented by a unique C^-form. 
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Proposition 1.2.4. Let f : X — ► Y be a proper and surjective morphism of connected 
complex manifolds. Let U be a non-empty Zariski open set ofY such that f is smooth over 
U . Let a be a compactly supported continuous maximal form on X. If we set 



A 



a on U, 



f-i(U)->U 



onY\U, 
then A is integrable. Moreover, /*([a]) = [A]. 

Proof. Let u>x and ujy be volume forms of X and Y respectively. Let h be a function on Y 



with A = hujy . Then, h is continuous on U by Corollary |1.2.2| . Moreover, let g be a continuous 
function on X with a = guJx- We need to show that h is an integrable function. First note 
that j x \g\cox < oo because g is a compactly supported continuous function. Let {U n }™ =1 
be a sequence of open sets such that U n C U, U n is compact, U\ C U 2 C • • • C U n C • • • , 
and U^Li = ^- Here we set 

\\h{y)\ if yeU n 
otherwise. 



K{y) 



V 



Then, < /i x < /t 2 < • • • < /i n < • • • and lim h n (y) = \h(y)\. By Corollary pT2 



\ h \u\ ^ <W ( 


/ Itfk-x ) 




Jf-Hu)-*u J 



Thus, 



|/i|wy < / C uy l / \g\U X jwy = / / ISI^jc 

t/n ./t7„ XJf-^Un^Un J JU n J f- l (U n )-+U n 



/-i(l/ n ) 



Therefore, 



L/ hnd^y, - 
y Ju„ 



h\uy < / \g\Ux < OO. 
X 



Thus, by Fatou's theorem, 

LI \h\dfj, WY = lim L/ hndfj,^ < L \g\u>x < oo. 
Jy n -*°° Jy ' Jx 

Hence, h is integral. 

Let 4> be any element of A° C (Y). Then, since lim /^ y (Y \ U n ) = and hep is integrable, 
by the absolute continuity of Lebesgue integral, 



lim L htpdfi^Y = 0. 

<Y\U n 
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Thus, 



L A0 = lim I L h(f)dfj,u Y + LI h<f)d[L Wr 

>Y n ^°° \ Ju n ' JY\U n 

= lim L h^dfi^Y = ^ m / h^ujy = lim / A0. 



In the same way, 



/ «r(0) = Mm / «r(0). 



On the other hand, we have 



A0 = / an®. 



Hence 



= N(/*(0)) = / aA/*(0) = lim / a/*(0) 

JX n ^°°^/- 1 (C/n) 



lim / A0 = l[ A0 = [A](0) 



Therefore, /*([«]) = [A]. □ 

Let X be an equi- dimensional complex manifold, i.e., every connected component has the 
same dimension. We denote by A p,q (X) the space of C°° complex valued (p, g)-forms on X. 
Let A p ' q (X) be the subspace of compactly supported forms. Let D p ' q (X) be the space of 
currents on X of type (p, q). As before, there is a natural homomorphism 

[ ] : Aoc(^) - D M (X). 
Then, as a corollary of Proposition 1.2. 4| , we have the following main result of this section. 



Proposition 1.2.5. Let f : X — > Y be a proper morphism of equi- dimensional complex 
manifolds. We assume that every connected component of X maps surjectively to a connected 
component ofY. Let a be an L 1 -form of type (p + d,q + d) on X , where d = dim X — dim Y. 
Then there is a A G Ll oc (Qy q ) with /*([«]) = [A]. 

Proof. Clearly we may assume that Y is connected. Since / is proper, there are finitely 
many connected components of X, say, Xi, . . . ,X e . If we set on = a\ x . and fi = f\ x . 
for each i, then /*([«]) = (/i)*([«i]) + • • • + (/ e )*([« e ])- Thus, we may assume that X is 
connected. Further, since /*([<* A }*(</>)]) = /*([«]) A for all G A dimY -P' AimY - q (Y), we 



may assume that a is a maximal form by Proposition [1.1.1 . 

Let g be a locally integrable function on X with a = gujx- Since the question is local 
with respect to Y, we may assume that g is integrable. Thus, since C%(Y) is dense on L 1 (Y) 



(cf. |23|, Theorem 3.14]), there is a sequence {g n }%Li of compactly supported continuous 



functions on X such that 

lim L\ \g n - g\dfi UJX = 0. 



X 
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By Prop osit ion |1 . 2 . 4] , for each n, there is an integrable function h n on Y such that f*(\g n Wx]) 



[hnUy] ■ Moreover, by (2) of Corollary |1.2.2 



\K ~ h m \ <c LUY \ I \g n - g m \ujx 

!f-i(u)->u 



over U. Thus, we can see 

L \hn - h m \d/j,u Y < L \g n - g m \d[i^ x 
Jy Jx 

for all n,m. Hence, {/i n }^i is a Cauchy sequence in L (Y). Therefore, by the completeness 
of L 1 (y), there is an integrable function h on Y with h = lirn n _ >QO h n in IMY). Then, for 
any e A°/(Y), 

lim L h n (j)ujY = L h$uj Y and lim L g n f*((f>)u x = L gf*{4>)u x . 

rwoo Jy J Y n->oc J x J x 

Thus, 

M[a])((f>) = J gr(<t>)ux= lim l[ g n f*(4>)^x 
Jx n ^°° Jx 

= lim L h n (j)UY — LI hcjyujy = [hu>Y](4")- 
n^oo J Y J y 

Therefore, /*([a]) = [/iWy]. □ 

2. Variants of arithmetic Chow groups 

2.1. Notation for arithmetic varieties. An arithmetic variety X is an integral scheme 
which is flat and quasi-projective over Spec(Z), and has the smooth generic fiber Xq. 

Let us consider the C-scheme X(g>zC. We denote the underlying analytic space of X®zC 
by X(C). We may view X(C) as the set of all C- valued points of X. Let : X(C) -> X{C) 
be the anti-holomorphic involution given by the complex conjugation. For an arithmetic 
variety X, every (p,p)-form a on X(C) is always assumed to be compatible with F^, i.e., 
/•';.(") = (-l)'a. 

Let E be a locally free sheaf on X of finite rank, and it : E — > X the vector bundle 
associated with E, i.e., E = Spec (©^L Sym n (E)). As before, we have the analytic space 
E(C) and the anti-holomorphic involution F^ : E(C) — ► E(C). Then, 7Tc : E(C) — > X(C) is 
a holomorphic vector bundle on X(C), and the following diagram is commutative: 

E(C) -^-> £(C) 



7TC 



7TC 



X(C) ► X(C) 

Foe 

Here note that -Fqo : E(C) — > E(C) is anti-complex linear at each fiber. Let h be a C°° 
Hermitian metric of E(C). We can think h as a C°° function on i£(C) Xx(C) E(C). For 
simplicity, we denote by F^(h) the C 00 function (Fqo Xx(c) Fx> ) 0) onE(C) x X (c)E(C). 
Then, F^(h) is a C°° Hermitian metric of E(C). We say /i invariant under F^ if F^h) = 
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h. Moreover, the pair (E, h) is called a Hermitian vector bundle on X if h is invariant under 
.Foo. Note that even if h is not invariant under F^, h + F^(h) is an invariant metric. 

2.2. Variants of arithmetic cycles. Let X be an arithmetic variety. We would like to 
define three types of arithmetic cycles, namely, arithmetic A-cycles, arithmetic L 1 -cycles, 
and arithmetic .D-cycles. In the following definition, g is compatible with F^ as mentioned 
in § {01 

(a) (arithmetic A-cycle on X of codimension p) : a pair (Z, g) such that Z is a cycle 
on X of codimension p and g is represented by a Green form <p of Z(C), namely, 
is a C°° form on X(C) \ Supp(Z(C)) of logarithmic type along Supp(Z(C)) with 
dd c (\<p\) + 5 z{c) eA p > p (X(C)). 

(b) (arithmetic L 1 -cycle on X of codimension p) : a pair (Z, (?) such that Z is a cycle on 
X of codimension p and, there are <p G L 1 1 oc (fi^q P_1 ) and u; G L[ oc (f2w c %) with g = [(f)] 

and dd c (g) + <5 Z (c) = M- 

(c) (arithmetic D-cycle on X of codimension p) : a pair (Z, g) such that Z is a cycle on X 
of codimension p and g G -D P_1,P_1 (X(C)). 

The set of all arithmetic A-cycles (resp. L 1 -cycles, -D-cycles) of codimension p is denoted 
by^(X) (resp. %(X), Z£(X)). 

Let R P (X) be the subgroup of Z P (X) generated by the following elements: 

(i) ((/), — [log |/| 2 ]), where / is a rational function on some subvariety Y of codimension 
p — 1 and [log l/l 2 ] is the current defined by 

[log|/| 2 ]( 7 ) = L/ (log|/| 2 ) 7 . 

Jy(c) 

(ii) (Q,d(a) + 8(p)), where a G D"- 2 *"^^)), /3 G D p - l > p ~ 2 (X(C)). 
Here we define 

CH p A (x) = ^(x)/i?nx)n^(x), 
CH p L1 (x) = %(x)/i?nx)n%(x), 

CH^X) = & D (X)/R?(X). 

Proposition 2.2.1. The natural homomorphism CW A (X) — > CH P (X) is an isomorphism. 

Proof. Let (Z,g) G Z P (X). By |], Theorem 1.3.5], there is a Green form gz of Z(C). 
Then, - [g z ]) G A^(X_(C)). Hence, by g, Theorem 1.2.2], there are a G A d ' a! (X(C)) 

and v G Image(<9) + Image(<9) with g — [g z ] = H + ^ ■ Since g — [gz] is compatible with 
Foo, replacing a and u by (l/2)(a+ {-l) p F^(a)) and (1/2) (v+ {-l) p F^(v)) respectively, 
we may assume that a and v are compatible with F^. Here, + a is a Green form of Z. 
Thus, (Z, [«7z + et]) G Z A (X). Moreover, since (Z, g) — (Z, [gz + a]) G R P (X), our proposition 
follows. □ 

Let / : X —>■ Y be a proper morphism of arithmetic varieties with d = dimX — dimF. 
Then, we have a homomorphism 

/, : Z p D +d {X) -> Z P D {Y) 
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defined by f*(Z,g) = (f*(Z), f*(g)). In the same way as in the proof of || Theorem 3.6.1], 
we can see f*(R p+d (X)) C R P {Y). Thus, the above homomorphism induces 



U ■ CH P d\x) -> CE P D (Y). 



Then we have the following. 



p+c? - — - p 

Proposition 2.2.2. If f is surjective, then /* : CH D (X) — > CH D (Y) gives rise to 

/* : ch£V) - CH^(y). 

In particular, we have the homomorphism /* : CH P (X) — > CH^i(y). 

Proof. Clearly we may assume that p > 1. It is sufficient to show that if {Z,g) G 
Z P j^ d {X\ then (f*(Z), f*{g)) G Zj?i(Y). By the definition of /^-arithmetic cycles, g and 
dd c (g) + <5z(c) are represented by L 1 -forms. Thus, by Proposition |1.2.5| , there is an uj G 

U (dd c (g) + 5 Z (C)) = M- 

On the other hand, 

/* (dd c (g) + 8 Z{C )) = dd c (f*(g)) + 6 MZ(C)) . 

Moreover, by Proposition |1.2.5| , f*(g) is represented by an L 1 -form on Y(C). Thus, (f*(Z), f*(g)) 
is an element of Z P L1 {Y). □ 



2.3. Scalar product for arithmetic L 1 -cycles and arithmetic D-cycles. Let X be a 

regular arithmetic variety. The purpose of this subsection is to give a scalar product on 
CHdWq = © p > CH^(X) Q by the arithmetic Chow ring CH*(X)q = © p > CH P (X)q. 
Roughly speaking, the scalar product is defined by 

(Y, f) ■ (Z, g) = (YnZjA6 z + u((Y, /)) A g) 

for (Y, /) G Z P (X) and (Z,g) G Z q D {X). This definition, however, works only under the 
assumption that Y and Z intersect properly. Usually, by using Chow's moving lemma, we 
can avoid the above assumption. This is rather complicated, so that in this paper we try to 
use the standard arithmetic intersection theory to define the scalar product. 

Let x G CH (X), (Z, g) G Z q D {X\ and g z a Green current for Z. First we shall check that 

x-[(Z,g z )] + [(0,u(x)A(g-g z ))} 

p-\-q 

in CH D (X)q does not depend on the choice of g z . For, let g z be another Green current for 
Z. Then, there are 77 G A P ~ 1 ' P ~ 1 (X(C)), and v G Image(<9) +Image(<9) with g' z = g z + [rj] +v. 
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Then, since [(0, [rj] + v)] G Clf(X), 

x ■ {(Z, g' z )\ + [(0, u(x) A (g - g' z ))} = x ■ [(Z, g z )\ + x ■ [(0, [ V ] + v)] 

+ [(0,u(x)A(g-g z -[ V ]-v))] 
= x-[(Z,g z )} + [(0 1 uj(x)A([ V }+v))} 

+ [(0,u(x)A(g-g z -[r ] ]-v))] 
= x-[(Z,g z )] + [(0,iu(x)A(g-g z ))]. 

Thus, we have the bilinear homomorphism 

CH P (X) x Z%{X) -> Ch£'(X)q 
given by a; • (Z,g) = x ■ {{Z,g z )] + [(0,u(x) A (g - g z ))}. Moreover, if (Z,g) G R q (X), then, 
by |], Theorem 4.2.3], x ■ (Z,g) = in CH (X)q. Thus, the above induces 

(2.3.1) Clf(X) ® CH^(X) -> CH^(X) Q , 

which may give rises to a natural scalar product of CH d (X)q over the arithmetic Chow ring 
CH (X)q. To see that this is actually a scalar product, we need to check that 

(x ■ y) ■ z = x ■ (y ■ z) 

for all x G CH P (X), y G 6h\x) and z G CH^(X). If z G ClY(X), then this is nothing more 
than the associativity of the product of the arithmetic Chow ring (cf. || Theorem 4.2.3]). 
Thus, we may assume that z = [(0,g)] for some g G /} r ~ 1,r ~ 1 (X(C)). Then, since 

(x • y) ■ z = [(0, w(x • ?/) A #)] = [(0, w(z) A A </)] 

and 

ar • (y ■ z) = x ■ [(0, u(y) A g)] = [(0, u(x) A u(y) A g)], 

we can see (x ■ y) • z — x ■ (y ■ z). Therefore, we get the natural scalar product. 
Moreover, ( |2.3.1| ) induces 

(2.3.2) Cff(X) ® CH 9 L1 (X) -> GE P L + 1 \X) Q . 

Indeed, if (Z,g) G Z q LX {X) and is a Green form of Z, then, 

x • [(Z, g)]=x- [(Z, g z )\ + [(0, u{x) A (g - g z ))\. 

- — - p-\-Q 

Thus, in order to see that x • [(Z,g)\ G CH L i POq, it is sufficient to check that 

dd^u(x)A(g-g z ))eLl c (Q^). 

The first assertion is obvious because g and g z are Z^-forms. Further, we can easily see the 
second assertion because 

dd c (u{x) A{g- g z )) = ±u{x) A dd c (g - g z ) = ±u(x) A {u{g) - u{g z )). 

Gathering all observations, we can conclude the following proposition, which is a general- 
ization of || Theorem 4.2.3]. 
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Proposition 2.3.3. CH l i(X)q and CH d (X)q has a natural module structure over the 
arithmetic Chow ring CH (X)q. 

Moreover, we have the following projection formula. 

Proposition 2.3.4. Let f : X —>■ Y be a proper morphism of regular arithmetic varieties 
such that fq : Xq — > Yq is smooth. Then, for any a G CH (Y) and (3 G CH L i (X) , 



/.(/•(«)•/?) = a- /.(/?) 



- — - p+q— (dimX— dim Y) 

mCH^ 9 \Y), 



Proof. If a G CH (Y) and (3 G CH (X), then this is well known (cf. ||). Thus, we may 
assume that (3 = (0, [(f)]) G Z q L1 (Y). Then 

/,(/» -0) = M(oMr (<*)) AM) 

= (0, [/•(*(/*(«) A 0))]). 

On the other hand, 

a ■ fM = a • (0, [/,(<£)]) = (0,o;(a) A [/,(<£)]). 
Since /* (cu (/*(«))) = w(a), we have proven the projection formula. □ 



2.4. Scalar product, revisited (singular case). Let X be an arithmetic variety. Here 
X is not necessarily regular. Let Ratx be the sheaf of rational functions on X. We denote 
H°(X, Rat^ /O x ) by Div(X). An element of Div(X) is called a Cartier divisor on X. For 
a Cartier divisor D on X, we can assign a divisor [D] G Z l (X) in a natural way. This gives 
rise to the homomorphism 

c x : Div(X) -> Z X (X). 

Note that is neither injective nor surjective in general. An exact sequence 

1 -> 0£ -> Rat* -> Rat* /£>£ -> 1 

induces to the homomorphism Div(X) — > H 1 (X, O x )- For a Cartier divisor on X, the 
image of Z) by the above homomorphism induces the line bundle on X. We denote this line 
bundle by O x (D). 
Here we set 

Div(X) = {(D, g) | D G Div(X) and g is a Green function for D(C) on X(C)}. 

Similarly, we can define Div^i(X) and Div£>(X). The homomorphism cx '■ Div(X) — > Z 1 (X) 
gives rise to the homomorphism : Div(X) — > Z 1 (X). Then, we define Pic(X), Pic^i(X), 
and Pico(X) as follows. 

(Pic(X) = DW(X)/c x l (R\X)), 
I pTc L i(X) = f5iv L1 (X)/c x 1 (i? 1 (X)), 
I Pic D (X) = Diy D (X)/c x 1 (R 1 (X)). 
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Note that if X is regular, then 

Pic(X) = CH(X), P?c L i(X) = CR L i(X) and Pic D (X) = CR D (X). 

Let {E,h) be a Hermitian vector bundle on X. Then, by virtue of |n], Theorem 4], we 

have a cap product of ch(E, h) on CH (X)q, i.e., a homomorphism CH (X)q — > CH (X)q 

given by x i— > ch(i?, /i) n x for x G CH (X)q. In the same way as before, we can see that the 
above homomorphism extends to 

CR D (X) Q -> CH D (X) Q and CH L1 (X) Q ^ CE* L1 (X) Q 

as follows. If (Z,g) G Zp(X) and gr^ is a Green current of Z, then 

ch(£, /i) n (Z, g) = ch(£, /i) n {Z, g z ) + a(ch(£, A {g - g z )). 
In particular, we have intersection pairings 

- V - — - p+1 — - - — - v - — - p+1 

Pic(X) Q ® CHo(X) Q -> CH D (X) Q and Pic(X) Q ® CH Ll (X) Q -> CH Ll (X) Q . 
For simplicity, the cap product "H" is denoted by the dot Note that 

P?c(X) Q <g> CH^(X)q -> CH^ +1 (X) Q 

is actually defined by 

(D^)-(^/) = p-^pA5z + w(p)A/) 
if D and Z intersect properly. Then, we have the following projection formula. 

Proposition 2.4.1. Let f : X — > Y be a proper morphism of arithmetic varieties. Let 
(L, h) be a Hermitian line bundle on Y , and z G CH D (X). Then 

/*(ci(/*L, f*h) ■ z) = ci(L, h) ■ U{z). 

Proof. Let (Z, g) be a representative of z. Clearly, we may assume that Z is reduced and 
irreducible. We set T = f(Z) and it = f\ z : Z — ► T. Let s be a rational section of L\ T . 
Then, tt*(s) gives rise to a rational section of f*(L)\ z = it* (L\ T ). Thus, ci(f*L, f*h) ■ z can 
be represented by 

(div(7T*(s)), [- log TT* (h\ T ) (tT*(s), IX* (s))} + Cl (/% A g) , 

where [— log7r* (/i| T ) (tt*(s), 7r*(s))] is the current given by 

[-logvr*(/ i | T )(vr*( S ),7r*( S ))](0)= / (- logvr* (Zi| r ) (tt*( S ), tt*( S ))) 0. 

JZ(C) 

If we set 



deg(vr) 



if dim T < dim Z 

deg(Z — > T) if dimT = dim Z, 



INEQUALITIES FOR SEMISTABLE FAMILIES OF ARITHMETIC VARIETIES 17 

then 



(- log 7r* (h\ T ) (tt*(s), tt*(s))) = / vr* ((- log (h\ T ) (s, a)) V) 

Z(C) 



= deg(7r)/ (-log(/i| r )(s,s))V 

^T(C) 

for a C°°-form ^ on F(C). Thus, we have 

U h logvr* (h\ T ) (tt*(s), ir*(s))} = deg(vr) [- log (h\ T ) (s, s)) . 

Therefore, 

U{c x {fLJ*h) ■ z) = (deg(7r)div( S ),deg(7r) [-log(/i| T ) (s, s)] + C\(L, h) A f*(g)) 
= c 1 (L, h) • (deg(7r)T, /*(<?)) = ci(L, /i) • /„(*). 

Hence, we get our proposition. □ 

Let Z be a quasi-projective integral scheme over Z. Then, by virtue of Hironaka's resolu- 
tion of singularities [ Hf , there is a proper birational morphism fi : Z' — > Z of quasi-projective 
integral schemes over Z such that Zq is non-singular. The above fi : Z' — > Z is called a 
generic resolution of singularities of Z. As a corollary of the above projection formula, we 
have the following proposition. 

Proposition 2.4.2. Let X be a arithmetic variety, and L\ = (L±, h\), . . . ,L n = (L n ,h n ) 
be Hermitian line bundles on X. Let {Z,g) be an arithmetic D-cycle on X, and Z = 
a\Z\ + • • • + a r Z r the irreducible decomposition as cycles. For each i, let T{ : Z[ — > Zi be 
a proper birational morphism of quasi-projective integral schemes. We assume that if Zi is 
horizontal with respect to X — > Spec(Z), then T{ is a generic resolution of singularities of 
Zi. Then, we have 



Cl 



(Li) ■ • -ci(L n ) • (Z,g) = ^ (ci(yU-Li) • ■ -ci(//*L n )) + a(cx(L x ) A • • • A a(L n ) A g) 



i=i 



in CH d (X)q, where Hi is the composition of Z i — ^ Zi ^ X for each i. 

Proof. We prove this proposition by induction on n. First, let us consider the case n = 1. 
Clearly we may assume that Z is integral, i.e., Z = Z\. Let h\ be the Hermitian metric of 
Li, and s a rational section of L\\ z . Then, 

(div(s),-log(/ii | z )(s,s) +ci(Li) A g) = (div(s), - log(/ii| z )(s, s)) +a(ci(Li) A g) 

is a representative of ci(Li) • (Z,g). Moreover, 

(divCrfC^.-togTjC/nl^CTfCs),^^))) 

is a representative of c"i(/i*Li). Hence, we have our assertion in the case n = 1 because 

(^ u (div(rr( S )),-logrr(/ il U)(r*( S ),rr( S ))) = (div( S ),-log(/ il | z )( S , S )). 
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Thus, we may assume that n > 1. Therefore, using Proposition |2.4.1| and hypothesis of 
induction, 

Ci(Li) • ■ -ci(L n ) ■ (Z,g) = ci(Li) ■ (ci(L 2 ) ■ • -ci(L n ) ■ (£,$*)) 

r 

= yjoi&L^i)^ (ci(/i*L 2 ) • ■ -ci(/i*L n )) + 
i=i 

ci(Li)a(ci(L 2 ) A • • • A ci(L n ) A #) 

r 

= ^ (ci(/i*Li) • • -ci(n*L n )) + a{c\{L\) A • • • A ci(L n ) A gf). 

8=1 

□ 

2.5. Injectivity of i*. Let X be an arithmetic variety, U a non-empty Zariski open set of 
X, and % : U — > X the inclusion map. Then, there is a natural homomorphism 

e : Zl(X) ^ Zl(U) 

given by g) = (-D|f/ , fli^c))- Since z* K/)J = (/|^) for any non-zero rational functions 
/on X, the above induces the homomorphism 

Then, we have the following useful lemma. 

Lemma 2.5.1. If X \ U does not contain any irreducible components of fibers of X — ► 
Spec(Z), then 

i*:CH Ll (X)^CHUu). 
is injective. In particular, i* : CH l i(X)q — > CH l i(U)q is injective. 

Proof. Suppose that i*(a) = for some a G CH L i(X). Let (D,g) G Zj jl (X) be a 
representative of a. Since i*(a) = 0, there is a non-zero rational function / on X with 



\u>9\u(C)) = ((f)\u> -( lo gl/l ]|t/ (C ))- 

Pick up G L[ oc (X(C)) with g = [(f)]. Then, the above implies that [0]| [7 ( C \ = —[log |/| 2 ]|;y( C )- 
Thus, 4> = — log \ f\ 2 (a. e.). Therefore, we have 

(2.5.1.1) 9 =[<!>) = "[log |/| 2 ]. 

Here, dd c (g) + S D ( C ) = [h] for some h G Aoc(^x(c)) and dd c (-[log |/| 2 ]) + %)(C) = 0. 
Thus, by Q2.5.1.1]) , #d(C) — <%)(C) — [h]- This shows us that h — (a. e.) over X(C) \ 
(Supp(D(C))USupp((/)(C))). Hence /i = (a.e.) on X(C). Therefore, we have D(C) = 
(/)(C), which implies D = (f) on Xq. Thus, D — (f) is a linear combination of irreducible 
divisors lying on finite fibers. On the other hand, D = (f) on U and X \ U does not 
contain any irreducible components of fibers. Therefore, D = (/). Hence a = because 

(D,g) = (f). □ 
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3. Weakly positive arithmetic divisors 

3.1. Generalized metrics. Let X be a smooth algebraic scheme over C and L a line bundle 

on X. We say h is a generalized metric on L if there is a C°° Hermitian metric ho of L over 
X and ip G L\ oc {X) with h = e v h . 

To see when a metric of a line bundle defined over a dense Zariski open set extends to a 
generalized metric, the following lemma is useful. 

Lemma 3.1.1. Let X be a smooth algebraic variety over C and L a line bundle on X . Let 
U be a non-empty Zariski open set of X and h a C°° Hermitian metric of L over U. We 
fix a non-zero rational section s of L. Then, h extends to a generalized metric of L on X if 
and only if log h(s,s) G L\ oc (X). 

Proof. If h extends to a generalized metric of L on X, then log h(s, s) G L 1 1 oc (X) by the 
definition of generalized metrics. Conversely, we assume that \ogh(s,s) G Ll oc (X). Let h 
be a C°° Hermitian metric of L over X. Here we consider the function given by 

= h(s,s) 
h (s, s)' 

Let y G U and w be a local frame of L around y. If we set s — fuj for some meromorphic 
function / around y, then 

= h(s,s) = \f\ 2 h{u,uj) = h{u,u) 
h Q (s,s) \f\ 2 h {uj,uj) h (uj,uj)' 

This shows us that is a positive C°° function on U and h = 0/i o over U. On the other 
hand, 

log0 = \og h(s,s) - log h Q (s, s). 

Here since log h(s, s), \ogh (s, s) G Ll oc (X), we have log0 G L\ oc (X). Thus, if we set (p = 
log0, then if G L\ oc (X) and h = e^h^. □ 

3.2. Arithmetic D-divisors and generalized metrics. Let X be an arithmetic variety, 
L a line bundle on X, and h a generalized metric of L on X(C) with F^(h) = h (a. e.). We 

would like to define Ci(L,h) as an element of CB. D (X). Let s,s' be two non-zero rational 
sections of L, and / a non-zero rational function on X with s' = fs. Then, it is easy to see 
that 

(div(s'), [- log h(s',s')}) = (div(s), [- log h(s,s)}) + (?) 

in Z\){X). Thus, we may define c\{L,h) as the class of (div(s), [— log h{s, s)\) in CH D (X). 
Let us consider the homomorphism 

uj : %{X) -> D P ' P (X(C)) 
given by cu(Z,g) = dd c {g) + Sz(c)- Since u ^i? p (X)j = 0, the above homomorphism in- 
duces the homomorphism CH D (X) — > D P,P (X(C)). Hence, we get the homomorphism 
CR P d {X)q -> D p ' p (X(C)) because D P ' P (X(C)) has no torsion. By abuse of notation, we 
denote this homomorphism by uj. 
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Proposition 3.2.1. LetX be an arithmetic variety, (Z, [0]) G Divu(X) withcf) G L 1 1 oc (X(C)), 
and 1 a rational section of Ox{Z) with div(l) = Z . Then, there is a unique generalized met- 
ric h of Ox(Z) such that F^h) = h (a. e.) and [— log/i(l, 1)] = [0]. (Here uniqueness of h 
means that if h! is another generalized metric with the same property, then h = h! (a. e.).) 
Moreover, u(Z, [0]) is C°° around x G X(C) if and only if h is C°° around x. We denote 
this line bundle (Ox{Z),h) with the generalized metric h by Oz{{Z, [0])). With this nota- 
tion, for (Z h [0!]), (Z 2 , [0 2 ]) G Div D (X) with 0!, 2 G L 1 1 oc (X(C)) ) if (Z u [0 X ]) ~ (Z 2 , [0 2 ]) ; 
then Ox{{Zi, [0i])) is isometric to Ox{{Z2, [02])) at every point around which uj(Zi, [0i]) = 
uj(Z 2 , [02]) is a C°° form. 

Proof. First, let us see uniqueness. Let h and h! be generalized metrics of Ox{Z) with 
[-log/i(l,l)] = [-log/i'(l,l)] = [0]- Take a G L\ oc (X(C)) with h! = e a h. Then, by our 
assumption, a = (a. e.). Thus, h = h' (a. e.). 

Pick up an arbitrary point x G X(C). Let s be a local basis of Ox{Z) around x. Then, 
there is a non-zero rational rational function / on X(C) with 1 = fs. Let us consider 

exp(-0-log|/| 2 ) 

around x. Let s' be a another local basis of Ox{Z) around x. We set s' = us and 1 = /V. 
Then, 

exp(-0-log|/'| 2 ) =exp(-0-log|//u| 2 ) = \u\ 2 exp(-0 - log |/| 2 ), 
which means that if we define the generalized metric h by 

h(s,s) =exp(-0-log|/| 2 ), 
then h is patched globally, and h is a generalized metric by Lemma |3.1.1| . Moreover, 
-log h(l,l) = -]ogh(fs,fs) = - log (\f\ 2 h(s,s)) = 0. 

Here, since -F^(0) = (a. e.), we can see F^h) = h (a. e.). Thus, we can construct our 
desired metric. 

We set b = u(Z, [0]) G D 1 ' 1 (X(C)). Then, since 1 = fs around x, we have Z = (/) around 
x. Thus, since dd c ([4>}) + 5 Z (c) = b and dd c (-[\og \f\ 2 }) + = 0, 

dcf(-[0 + log |/| 2 ]) = 5 m - b - = -b 

around x. Therefore, 

h is C°° around x <^=^> —0 — log |/| 2 is C°° around x 

<^> dd c (-[(f) + log |/| 2 ]) is C°° around x (v g Theorem 1.2.2]) 
<^=^ b is C°° around x 

Finally, let us consider the last assertion. By our assumption, there is a rational function 
z on X such that 

(z 1 ,[0 1 ]) = (z 2 ,[0 2 ]) + (7). 

Then, Z\ = Z 2 + (z) and 0i = 2 — log |z| 2 . Let us consider the homomorphism a : Ox{Z\) — > 
Ox(^) defined by a(s) = zs. Then, a is an isomorphism. Let 1 be the unit in the rational 
function field of X. Then, 1 gives rise to canonical rational sections of Ox{Z\) and Ox{Z 2 )- 
Let x be a point of X(C) such that u(Zi, [0i]) is C°° around x, and s a local basis of Ox{Z\) 
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around x. Then, a(s) = zs is a local basis of Ox{Z^) around x. Choose a rational function 
/ with 1 = fs. Then, 1 = z~ 1 fa(s). Thus, if hi and h 2 are metrics of Ox{{Zi, [4>i])) and 
O x ((Z 2 , [4>2\)) respectively, then 

h\(s, s) = exp(-0i - log \f\ 2 ) = exp(-0 2 - log \z^f\ 2 ) = h 2 (a(s), a(s)) 

Hence, a is an isometry. □ 



3.3. Semi-ampleness and small sections. Let X be an arithmetic variety and S a subset 
of X(C). We set 

GR L i(X] S) Q = {ae CH L1 (X) Q | u(a) is C°° around z for all z G S}. 

In the same way, we can define CH L i(X; S), Z\ x (X; S), Z l Ll (X; S)q, Div L i(X; S), Div L i(X; S)q, 

Pic^i(X; S) and Pic£i(X; S)q. Let x be a closed point of Xq. An element a of CH L i(X; S)q 
is said to be semi-ample at x with respect to S if there are a positive integer n and (E, g) G 
Z x Ll {X\ S) with the following properties: 

(a) E is effective and x $ Supp(-E). 

(b) g(z) > for each z G S. (Note that g(z) might be oo.) 

(c) na coincides with (E,g) in CH L i(X; S)q. 

We remark that a G CH L i(X; S)q by the condition (c). Moreover, it is easy to see that if ot\ 
and a.2 are semi-ample at x with respect to S, so is Aai + \iol-i for all non-negative rational 
numbers A and fi. 

In terms of the natural action of Gal(Q/Q) on X(Q), we can consider the orbit Ggl ^iQ\(x) 
of x. If we fix an embedding Q — >• C, we have an injection X(Q) — > X(C). It is easy to see 
that the image of Ocai(Q/Q) ( x ) ^ oes no ^ depend on the choice of the embedding Q — ► C. By 
abuse of notation, we denote this image by Ggl ^,qJx). Then, OGai(Q/Q) ( x ) ^ s one °^ 
examples of S. 

Let U be a Zariski open set of X, and F a coherent C^-module such that F is locally free 
over U. Let hp be a. C°° Hermitian metric of F over {7(C). We assume that S C {7(C). For 
a closed point x of Uq, we say (F, h F ) is generated by small sections at x with respect to S 
if there are sections s±, . . . , s n G H°(X, F) such that F x is generated by s\, . . . ,s n , and that 
hp{si, Si)(z) < 1 for all 1 < i < n and z G S. 

Proposition 3.3.1. We assume that S C {7(C). For an element {Z,g) of Div£i(X; S), 
(Z, g) is semi-ample at x with respect to S if and only if there is a positive integer n such 
that Ox(n(Z, g)) is generated by small sections at x with respect to S. 

Proof. First, we assume that {Z,g) is semi-ample at x with respect to S. Then, there 
is (E,f) G Z^i^X-jS) and a positive integer n such that n(Z,g) ~ (E,f), E is effective, 
x G" Supp(-E'), and f(z) > for each z G S. Note that E is a Cartier divisor. Then, by 
Proposition PXT| , O x {n{Z,g)) ~ O x ((E,f)). Moreover, if h is the metric of O x ((E, f)) 
and 1 is the canonical section of Ox{E) with div(l) = E, then — log(/i(l, 1)) = /. Here 
f(z) > for each z G S. Thus, h(l,l)(z) < 1 for each z G S. Therefore, Ox((E, /)) is 
generated by small sections at x with respect to S. 
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Next we assume that Ox{n(Z, g)) is generated by small sections at x with respect to S 
for some positive integer n. Then, there is a section s of Ox(nZ) such that h(s,s)(z) < 1 
for each z G S. Thus, if we set E = div(s) and / = — log h(s,s), then we can see (Z, g) is 
semi-ample at x with respect to S. □ 

Proposition 3.3.2. Let U be a Zariski open set of X , and L a line bundle on X . Let h be 
a C°° Hermitian metric of L over [/(C). Fix a closed point x of Uq. If X is projective over 
Z, then the followings are equivalent. 

(1) (L, h) is generated by small sections at x with respect to U(C). 

(2) (L,h) is generated by small sections at x with respect to any finite subsets S ofU(C). 

Proof. Clearly, (1) implies (2). So we assume (2). First of all, we can easily find 
z 1: ... ,z n G U(C) such that, for any s G H°(X(C),L C ), if s(z 1 ) = ■■■ = s(z n ) = 0, then 
s = 0. Thus, if we set 

||s|| = y/h(s,s)(zi) H h \/h(s, s)(z n ) 

for each s e H°(X(C), L c ), then || || gives rise to a norm on H°(X(C), L c ). Here we set 

B z = {se H°(X,L) | h(s,s)(z) < 1} 

for each z E U(C). Then, since H°(X,L) is a discrete subgroup of H°(X(C),L C ), P)" =1 B Zi 
is a finite set. Thus, adding finite points z n+ i, . . . ,zn G U(C) to z±, . . . , z n if necessary, we 
have 

N 

zG(7(C) i=l 

By our assumption, there is a section s G H°(X,L) such that s(x) ^ and h(s,s)(zi) < 1 
for alH = 1, . . . , N. Then, s G f|ti ^ = n, eC 7(c) B z- Th us, we get (2). □ 

3.4. Restriction to arithmetic curves. Let X be an arithmetic variety, S a subset of 
X(C), x a closed point of Xq, K the residue field of x, and Ok the ring of integers in K. We 
assume that the orbit of x by Gal(Q/Q) is contained in S, namely, 0Gai(Q/Q) O^) — an( i 
that the canonical morphism Spec(iT) — > X induced by x extends to x : Spec(0^:) — > X. 

Proposition 3.4.1. T/iere is a natural homomorphism 

x* : P?c L1 (X; 5) q -> CH 1 (Spec(0^)) Q 

such that the restriction of x* to Pic(X)Q coincides with the usual pull-back homomorphism. 

Proof. Let a G Pic^i(X; S)q. Choose (Z, g) G Div L i(X; S) and a positive integer e such 
that the class of (l/e)(Z,g) in Pic L i(X; S)q coincides with a. We would like to define x*(a) 
by 

{\le)M?{O x {(Z,g)))). 

For this purpose, we need to check that the above does not depend on the choice (Z, g) and 
e. Let (Z', g') and e' be another L 1 -cycle of codimension 1 and positive integer such that the 
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class of (l/e')(Z', g') is a. Then, there is a positive integer d such that de'(Z, g) ~ de(Z', g'). 
Thus, by Proposition |3.2.1| , Oz(de'(Z, g)) is isometric to Oz(de(Z', g')). Hence, 

de% (x*(Ox((Z,g)))) = c, (x*(O x (de'(Z, g)))) 

= c 1 (x*(O x (de(Z',g')))) 

= dec 1 (x*(O x ((Z',g 1 )))). 

Therefore, 

{l/e)c 1 {x\O x {{Z,g)))) = {l/e')c l {x\O x {{Z\g')))). 
Thus, we can define x* . □ 

3.5. Weak positivity of arithmetic L 1 -divisors. Let X be an arithmetic variety, S a 
subset of X(C), and x a closed point of Xq. Let a G CH L i(X; S)q and {a ri }^ ( i 1 a sequence 
of elements of CH L i(X; S)q. We say a is the limit of {a n }^i as n — > oo, denoted by 
a = lim a n , if there are (1) Z x , . . . , Z h e CR L i(X; S)q, (2) g x , . . . ,g h 6 L 1 1 oc (X(C)) with 

a(^) G CH L i(X; 5)q for all j, (3) sequences {a^l^Lx, • • • , {a^ 1 }^ of rational numbers, and 
(4) sequences • • • , {^}^i of real numbers with the following properties: 

(a) li and l 2 does not depend on n. 

(b) lim a l n = lim = for all 1 < i < h and 1 < j < l 2 - 

n— »oo n— >oo 



+ a^Zi + J2 a (K9j) in CH^ (X; 5) Q for all n. 



[c) a = a 

i=l j=l 



i 



It is easy to see that if a = lim a n and j3 = lim f3 n in CH L i (X; S)q, then a + (3 = lim (a n + (3 n ) 



n— >oo 

1 



An element a of CH L i(X; S)q is said to be weakly positive at x with respect to S if it is 
the limit of semi-ample Q-cycles at x with respect to S, i.e., there is a sequence {a n }^ =1 

of elements of CH L i(X] S)q such that a„'s are semi-ample at x with respect to S and 
a = lim a n . 

Let K be the residue field of x and Ok the ring of integers in K. We assume that 
^GaKQ/Q)! 3 -) — and the canonical morphism Spec(i^) — > X induced by x extends to 
x : Spec(OA') — > X. Then, we have the following proposition. 

Proposition 3.5.1. If X is regular and an element a o/CH L i(X; S)q is weakly positive at 
x with respect to S, then deg(x*(a)) > 0. 

Proof. Take Z u ...,Z h , g u ...,g h , R}~ . . . , x , {^}^ =1 , . . . , R 2 }^ =1 , and 

{ a n}^=i as in the previous definition of weak positive arithmetic divisors. Then, 

h h 

deg(x*{a)) = deg(x*(a n )) + a l n deg(x* (Z,)) + V n deg{x*a(g j )). 

i=l j=l 



Thus, since lim a 1 = lim iP n = for all 1 < i < h and 1 < j < l 2 and deg(x*(a n )) > for 

n^oo n^oo 

all n, we have deg(x*(a)) > 0. □ 
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3.6. Characterization of weak positivity. Let X be a regular arithmetic variety, S a 
subset of X(C), and x a closed point of Xq. For an element a £ CH l i(X)q, we say a is 
ample at x with respect to S if there are (A, f) £ Z\ x (X; S) and a positive integer n such 
that A is an effective and ample Cartier divisor on X, x £" Supp(v4), /(z) > for all z E S, 

and na is equal to (A, f) in CH l i(X)q. 

First, let us consider the case where X = Spec(Oi^). 

Proposition 3.6.1. We assume that X = Spec(O^), x is the generic of X , and S = X(C). 
For an element a £ CH (X; S)q, we have the following. 

(1) a is ample at x with respect to S if and only if deg(a) > 0. 

(2) a is weakly positive at x with respect to S if and only if deg(a) > 0. 

Proof. (1) Clearly, if a is ample at x with respect to S, then deg(a) > 0. Conversely, we 
assume that deg(a) > 0. We take a positive integer e and a Hermitian line bundle (L, h) on 
X such that ci(L, h) = ea. Then, deg(L, h) > 0. Thus, by virtue of Riemann-Roch formula 
and Minkowski's theorem, there are a positive integer n and a non-zero element s of L® n 
with (h® n )(s, s)(z) < 1 for all z £ S. Thus, a is ample at x with respect to S. 

(2) First, we assume that a is weakly positive at x with respect to S. Then, by Propo- 
sition p.5.1| , deg(a) > 0. Next, we assume that deg(o) > 0. Let (3 be an element of 
CH (X; S)q such that (3 is ample at x with respect to S. Then, for any positive integer n, 

deg(a + (l/n)(3) > 0. Thus, a + (l/n)/3 is ample at x with respect to S by (1). Hence, a is 
weakly positive at x with respect to S. □ 

Before starting a general case, let us consider the following lemma. 

Lemma 3.6.2. We assume that S is compact. Let a be an element o/CH l i(X)q such that 
a is ample at x with respect to S . Then, we have the following. 

(1) Let f3 be an element of CH L i (X; S)q. Then, there is a positive number eo such that 
a + e(3 is semi-ample at x with respect to S for all rational numbers e with \e\ < eo- 

(2) Let g be a locally integrable function on X(C) with a(g) £ CH L i(X; S)q. Then, there 
is a positive number e such that a + a(eg) is semi-ample at x with respect to S for all 
real numbers e with \e\ < e . 

Proof. (1) First, we claim that there is a positive number to such that ta+/3 is semi-ample 
at x with respect to S for all rational numbers t > to- 

Let us choose (A, f) £ Z\ X {X\ S) and a positive integer n such that A is an effective and 
ample Cartier divisor on X, x £" Supp(v4), f(z) > for all z £ S, and n a is equal to (A, f) 

in CH l i(X)q. Moreover, we choose (D,g) £ Zj jl (X;S) and a positive integer e such that 

e/3 is equal to (D,g) in CH l i(X)q. Since A is ample, there is a positive integer ri\ such that 
Ox(niA) ®Ox(D) is generated by global sections at x. Thus, there are (Z, h) £ Z\ X {X\ S)q 
such that Z is effective, x £" Supp(Z) and (Z, h) ~ ni(A, f) + (D,g). 

We would like to find a positive integer n 2 with ri2f(z) + h(z) > for all z £ S. Let U 
be an open set of X(C) such that SOU, and u(A, f) and u(Z, h) are C°° over U. We set 
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(f) = exp(— /) and ip = exp(-h). Then, <p and ip are continuous on U, and < < 1 on 5*. 
Since n 2 / + h = — log(0 n2 -0), it is sufficient to find a positive integer n 2 with (f) n2 ip < 1 on 
5. If we set a = sup z£S (p(z) and 6 = sup 2g5 ip(z), then < a < 1 and < b because S is 
compact. Thus, there is a positive integer n 2 with a n2 b < 1. Therefore, ni ?/> < 1 on 5. 

Here we set to — (^i + n2)n( j e~ 1 . In order to see that tat + (3 is semi-ample at a? with 
respect to S for t > to, it is sufficient to show that (ni + n 2 )noO! + e/3 is semi-ample at x with 
respect to 5 because et > (jii + n 2 )no- Here 

(m + n 2 )n a + e/3 ~ n 2 (A, /) + (m(A, /) + (£>, #)) 

~n 2 (4/) + (Z,/i) 

= (n 2 A + Z,n 2 / + /i), 

,t G' Supp(n 2 A + Z), and (rizf +h)(z) > for all z & S. Thus, (n 1 + n 2 )ra a + e/9 is semi-ample 
at x with respect to S. Hence, we get our claim. 

In the same way, we can find a positive number t\ such that ta — (3 is semi-ample with 
respect to S for all t>t\. Thus, if we set e = min{l/t , l/^i}, then we have (1). 

(2) In the same way as in the proof of (1), we can find a positive number eo such that 
(/ + en g)(z) > for all z G S and all real number e with |e| < e . Thus we have (2) because 
n (a + a(eg)) ~ (A, f + en g). □ 

Proposition 3.6.3. We assume that S is compact. Let (3 be an element of C¥L L i(X; S)q. 
Then the following are equivalent. 

(1) (3 is weakly positive at x with respect to S . 

(2) (3 + a is semi-ample at x with respect to S for any ample a G CH L i(X; S)q at x with 
respect to S. 

Proof. (1) ==>- (2): Since f3 is weakly positive at x with respect to S, there is a sequence 

of {f3 n } such that (3 n G CH l i(X;S)q, /3 n 's are semi-ample at x with respect to S, and 
Iim n ^ 00 ^ n = /3. TakeZi,... ,Z h , 9l ,g h , 1; . . . , {ajj}~ x , and {&*}~ 1; . . . ,{&L 2 }~=i 

as in the definition of the limit in CH L i(X; S)q. Then, by Lemma |3.6.2| , there is a positive 



number eo such that a + eZj's are semi-ample at x with respect to S for all rational numbers 
e with |e| < eo, and a + a(e<7j)'s are semi-ample at x with respect to 5 for all real numbers 
e with |e| < eo- We choose n such that {l\ + ^l^nl < e o an d (Zi + / 2 )|&{| < eo for all i and j. 
Then, 

/3 + a = p n + X^ a + (h + ^ajZj + A a + o(gi + l 2 )%flj) 

, h + h , h + h 

i=i j=i 

Here, a + + l2)a % n Zi and a + a((l\ + l-^b^gj) are semi-ample x with respect to S. Thus, 
we get the direction (1) =>- (2). 

— i 

(2) =^> (1): Let a be an element of CH. l i(X)q such that a is ample at x with respect to 
S. We set /3 n = j3 + (l/n)a. Then, by our assumption, (3 n is semi-ample at x with respect 
to S. Further, (3 = lirn^oo /3 n . □ 
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3.7. Small sections via generically finite morphisms. Let g : V —>■ U be a proper and 
etale morphism of complex manifolds. Let (E, h) be a Hermitian vector bundle on V. Then, 
a Hermitian metric g*(h) of g*{E) is defined by 



for any y G U and s, t G g*(E) y . 

Proposition 3.7.1. Let X be a scheme such that every connected component of X is a 
arithmetic variety. Let Y be a regular arithmetic variety, and g : X — > Y a proper and 
generically finite morphism such that every connected component of X maps surjectively to 
Y. Let U be a Zariski open set ofY such that g is etale over U . Let S be a subset ofU(C) 
and y a closed point of Uq. Then, we have the following. 

(1) Let <p : E —>■ Q be a homomorphism of coherent Ox -modules such that <fi is surjective 
over g~ x (U), and E and Q are locally free over g~ l (U). Let hE be a C°° Hermit- 
ian metric of E over g _1 ([/)(C), and Hq the quotient metric of Q induced by hE- If 
(g*(E), g*(h,E)) is generated by small sections aty with respect to S, then (g*(Q), g*{ho)) 
is generated by small sections at y with respect to S. 

(2) Let Ei and E 2 be coherent Ox -modules such that E\ and E 2 are locally free over 

Let hi and h 2 be C°° Hermitian metrics of E\ and E 2 over ^ -1 (C/)(C). If 
(g*(Ei), g*(hi)) and (g*(E 2 ), g*(h 2 )) are generated by small sections aty with respect to 
S, then so is (g*(Ei <g> £ 2 ),g*(^i ® h 2 )). 

(3) Let E be a coherent Ox-module such that E is locally free over g (U). Let hE be a 
C°° Hermitian metric of E over 5f~ 1 (f/)(C). If (g*(E), g*(h,E)) is generated by small 
sections aty with respect to S, then (g*(Sym n (i?)), g*(Sym n (/i£))) is generated by small 
sections at y with respect to S. (For the definition of Sym n (^) , see § [7.1| .) 

(4) Let F be a coherent Oy -module such that F is locally free over U . Let hp be a C°° Her- 
mitian metric of F over U(C). Since det(F)\ u is canonically isomorphic to det(F\ v ), 
det(/ip) gives rise to a C°° Hermitian metric ofdet(F) overU(C). If(F,hp) is gener- 
ated by small sections at y with respect to S, then so is (det(F) , det(hp)) ■ 

Proof. (1) By our assumption, g*(<f>) : g*(E) — > g*(Q) is surjective over U. Let s±, . . . , si G 
H°(Y, g*(E)) = H°(X, E) such that g*(E) y is generated by si, . . . , sj, and that g*(h E )(si, Si)(z) < 
1 for all i and z G S. Then, g*(Q) y is generated by g*(4>)(si), . . . , g*((j>)(si). Moreover, by 
the definition of the quotient metric hg, 



for all z G S. Hence, g*{Q) is generated by small sections at y with respect to S. 

(2) Since g is etale over U, a : g*(Ei) <8> g*(E 2 ) — > g*(Ei (g) E 2 ) is surjective over U. 
By our assumption, there are Si, . . . , S; G H°(Y, g*(Ei)) and t 1 , . . . ,t m G H°(Y, g*(E 2 )) 
such that g*(Ei) y (resp. g*(E 2 ) y ) is generated by Si, . . . , Sj (resp. t±, . . . ,t m ), and that 
g*(hi)(si, Si)(z) < 1 and g*(h 2 )(tj,tj)(z) < 1 for all i, j and z G S. Then, g*(Ei ® E 2 ) y is 



g*(h)(s,t)(y) = h (s,t)(x) 
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generated by {a(s« Cg> Moreover, 

g*(hi<gi h 2 )(oi(si<g)tj),a(si<g)tj))(z) = ^ (hi® h 2 )(si®tj,Si®tj)(x) 

x^g~ 1 {z) 

= ^ h 1 (s i ,s i )(x)h 2 (t j ,t j )(x) 

< M s i> 8 i)( x )\\ h 2 (t j ,t j )(x) 

< 1 

for all z e S. Thus, we get (2). 

(3) This is a consequence of (1) and (2). 

(4) Let r be the rank of F. Since F is generated by small sections at y with respect 
to S, there are Si, . . . ,s r G H°(Y, F) such that F <g> re(y) is generated by Si, . . . , s r and 

Sj)(z) < 1 for all i and z E S. Let us consider an exact sequence: 

-> F tor -> F -> F/F tor -> 0. 

Then, det(F) = det(F/F tor ) ® det(F tor ). Noting that F tor = on U, let g be a Hermitian 
metric of det (F/F tor ) over U(C) given by det(/ip). Then, there is a Hermitian metric fc 
of det(F tor ) over [/(C) such that (det(F), det(h F )) = (det(F / F tor ) , g) <g> (det(F tor ), fc) over 
[/(C). If we identify det(F tor ) with Oy over [/, A; is nothing more than the canonical metric 
of C Y over [/(C). 

Let us fix a locally free sheaf P on V and a surjective homomorphism P — > F tor . Let P' be 
the kernel of P — > F tor . Here ^A rkP -P') i s an invertible sheaf on F because F is regular. 
Thus we may identify det(F tor ) with 

rkP /rkP' 

Further, a homomorphism /\ rkP P' — > /\ rkP P induced by P' P gives rise to a non-zero 
section t of det(F tor ) because 

(rkP' rkP \ /rkP' \ rkP 

/\ P', /\ P = Horn /\ P', Oy I (g) /\ P. 

Here F tor = on U . Thus, det(F tor ) is canonically isomorphic to Oy over [/. Since P' = P 

over [/, under the above isomorphism, t goes to the determinant of P' P, namely 1 G Oy 
over U. Thus, k(t,t)(z) = 1 for each z & S. 

Let Sj be the image of in F/F tor . Then, sxA - • -As r gives rise to a section s of det(F/F tor ). 
Thus, s ® £ is a section of det(F). By our construction, (s ® £)(?/) ^ 0. Moreover, using 
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Hadamard's inequality, 

det(hp)(s (g> t, s <S> t){z) = g{s, s)(z) ■ k(t, t)(z) = det {h{si, Sj)(z)) 

< h(si, Si)(z) ■ ■ ■ h(s r , s r )(z) < 1 
for each z 6 S. Thus, we get (4). □ 

4. Arithmetic Riemann-Roch for generically finite morphisms 

4.1. Quillen metric for generically finite morphisms. Before starting Proposition [4. 1 . l] , 
we recall the tensor product of two matrices, which we will use in the proof. For an r x r 
matrix A = (a^) and annxn matrix B = consider the following rn x rn matrix 



/a n B 


a 12 B ■ ■ 


■ ai r B\ 


a 2X B 


a 22 B ■ ■ 


■ a 2r B 


\a r iB 


a r2 B ■ ■ 


CL rr B / 



This matrix, denoted by A ® B, is called the tensor product of A and B. Then for r x r 
matrices A, A' and n x n matrices B, B', we immediately see 

(A ® B)(A' ® B') = AA' ® BB', 
det (A ® B) = (det A) n (det 5) r . 

Let X be a smooth algebraic scheme over C, Y a smooth algebraic variety over C, and 
/ : X — * K a proper and generically finite morphism. We assume that every connected 
component of X maps surjectively to Y . Let W be the maximal open set of Y such that / is 
etale over there. Let (E, h) be a Hermitian vector bundle on X such that on every connected 
component of X, E has the same rank r. 

Proposition 4.1.1. With notation and assumptions being as above, the Quillen metric hq 
on det Rf*(E) over W extends to a generalized metric on det Rf*(E) over Y . 

Proof. Let n be the degree of /. Since / is etale over W, f*(E) is a locally free sheaf of 
rank rn and R l f*(E) = for i > 1 over there. Thus 

rn 

detRf*(E)\ w = /\f*(E)\ w . 

If y G W is a complex point and X y = {x\, x 2 , ■ ■ ■ , x n } the fiber of / over y, then we have 

det Rf*(E) v = det H°(X V , E). 

The Quillen metric on det Rf*(E) over W is defined as follows. On H°(X y , E) the L 2 -metric 
is defined by the formula: 

n 

h L 2(s,t) = y^fe(s, t)(x a ), 

a=l 

where s,t £ H°(X y , E). This metric naturally induces the L 2 -metric on det H°(X y , E). 
Since X y is zero-dimensional, there is no need for zeta function regularization to obtain the 
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Quillen metric. Thus the Quillen metric hq on det Rf*(E)\ w is defined by the family of 
Hermitian line bundles {det H°(X y , E)} y€W with the induced L 2 -metrics pointwisely. 

To see that the Quillen metric over W extends to a generalized metric over Y, let 
Si,s 2 , ••• ,s r be rational sections of E such that at the generic point of every connected 
component of X, they form a basis of E. Also let ui,u 2 ,--- ,ou n be rational sections of 
f*{Ox) such that at the generic point they form a basis of f*(O x )- Since 

(rn N 

over Y, we can regard f\ ik SiUk = Si^i A SiU> 2 A • ■ ■ A SiU n A • ■ ■ A s r u n as a non-zero rational 
section of det Rf*(E). Shrinking W, we can find a non-empty Zariski open set Wo of W 
such that Sj's and u/s has no poles or zeros over / -1 (Wo). 
To proceed with our argument, we need the following lemma. 

Lemma 4.1.2. Let L be the total quotient field of X , and K the function field ofY. Then, 
log/ig f\siuj k , /\siUJ k = rlog \det(Tr L/K (ui ■ Uj)) \ + /* logdet(/i(sj, Sj)) 



ik ik 



over Wq- 

Proof. Let y G Wo be a complex point, and {x±,x 2 , ■ ■ ■ ,x n } the fiber of f~ l {y) over y. 
Then, 



1o S^q f\siU} k , /\siU k (y) = logdet ^ h(sjU k , SjUi){x a ) 



ik ik I \a=l 



ij,kl 



logdet ( ^u^x^hisi, Sj)(x a )uJi(x a ) 

<H( Xl ) q 
= logdet ( (I r <g> fi) | • • . ' | *(J r <g> ft) 

if(x n ), 



= logdet i | det(ft)| 2r J] det (h(s t , s J -)(x Q )) ij 

I a=l 

= rlog det | det(ft)| 2 + ^logdet (/i(sj, s^)) (x a ), 

a=l 

where Q = (ouh(x a ))ka and H(x a ) = (h(si, Sj)(x a ))ij. On the other hand, we have 

n 

J^logdet(/i(si,Sj))(a: a ) = (/* logdet Sj))) (y). 



a=l 
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Moreover, using the following Lemma [4.1.3|, we have 



|det(fi)| 2 = |det(fi*ft)| 
Thus we get the lemma. 



det ^2uj k (x a )uJi(x a ) 



v a=l 



/,/ 



det (Tr L / K (u k ■ ui)) 



kl 



□ 



Lemma 4.1.3. Let f : Spec(S) — > Spec(A) be a finite Stale morphism of regular affine 
schemes. Let m be the maximal ideal of A and ni,ri2, • • • , n n the prime ideals lying over m. 
Assume that n(m) is algebraically closed and hence /t(rij) is {naturally) isomorphic to /t(m) 
for each 1 < % < n. Let b be an element of B and b(xii) the value ofb in /t(rij) = /■c(m). Then 

n 

Tr BM (6)(m) = ^6K) 

i=l 

in «(m) ; where Tr B /^(6)(m) zs i/ie mhte o/Tr B /^(6) m «(m). 

Proof. It is easy to see that every rij is the maximal ideal and that mB = niri2 • • -n n . 
Let A be the completion of A with respect to m, B the completion of B with respect 
to mB, and Bi the completion of B with respect to rij for each 1 < % < n. Then by 
Chinese remainder theorem, B = Yl7=i^i as an ^-algebra. Note that A/mA = «(m) 
and Bi/xiiBi = «(tti). Since A — ► £>j is etale and «(m) = «(tlj), we have A = Bj. Let 
ei = (1, 0, • • ■ , 0), e 2 = (0, 1, • • ■ , 0), ■ • • , e n = (0, 0, • ■ ■ ,1) £ niLi Bi = B be a. free basis of 
5 over A We put fre^ = with bi E B^ = A for each 1 < i < n. Then b{ = fe(ttj) (mod n$). 
Now the lemma follows from 



Tr BM 0) = Tr g/2 (6) = b { 



i=l 



in A. 



Let us go back to the proof of Proposition |4.1.1| . Since det(Tr L /x(^t • ^i))!^ 
a rational function de^Tr^/^^ • ujj)) on Y, 

log|det(Tr L/i ,(^-^))| eLl oc (Y). 

Moreover, by Proposition |1.2.5| , /* logdet(/i(sj, Sj)) £ Ll oc (Y). Thus, by Lemma |4. 1 .2 



□ 

extends to 



log/lg ( f\siUJ k , f\SiUJ k 

ik 



ik 



Wo 



extends to a locally integrable function on Y. Hence by Lemma |3.1.1| the Quillen metric 
over W extends to a generalized metric over Y. □ 



Remark 4.1.4. In the above situation, Let W be a open set of Y such that / is flat and 
finite over there. Then the Quillen metric extends to a continuous function over W by the 
same formula as in ( [4.1. 2p 



INEQUALITIES FOR SEMISTABLE FAMILIES OF ARITHMETIC VARIETIES 



31 



4.2. Riemann-Roch for generically finite morphisms. In this subsection, we formulate 
the arithmetic Riemann-Roch theorem for generically finite morphisms. 

Theorem 4.2.1. Let X be a scheme such that every connected component of X is an arith- 
metic variety. Let Y be a regular arithmetic variety, and f : X — > Y a proper and generically 
finite morphism such that every connected component of X maps surjectively to Y . Let (E, h) 
a Hermitian vector bundle on X such that on each connected component of X, E has the 
same rank r. Then, 

ci (det RUE), hfj - rci (det RUO x ), h% x ) G CR Ll (Y) 

and 

ci (det RUE), hfj - rc x (det RU{O x ), h% x ) = /* (ME, h)) 

in CH l i(F)q ; where hg and hg x are the Quillen metric of det Rf*(E) and det RUOx) 
respectively. 

Proof. Let X = YiaeA -^a be the decomposition into connected components of X. Since 
/ is proper, A is a finite set. We set f a = f\ x and (E a , h a ) = (E, h)\ x . Then 

RUE) = Q)R(f a UE a ), RUO x ) = @R(fMO Xa ), c 1 (E,h) = ^i(E a ,h a ). 

aeA aeA a£A 

Hence we have the following: 

'ci (det RUE), hfj = ^ci (det R(f a )*(E a ),hf ), 
, ci (det RUOx), h° x ) = ^Tci (detR(f a UO Xa ),h° x ^, 

aeA 

UiMEM = Y,f*(ci{E a ,K)). 

aeA 

Thus, we may assume that X is connected, i.e., X is an arithmetic variety. 

Let K = K(Y) and L = K(X) be the function fields of Y and X respectively. Let 
n be the degree of / and ui,U2, • • • ,oj n rational functions on X such that at the generic 
point they form a basis of i^-vector space L. Further, let si,s 2 ,... ,s r be rational sec- 
tions of E such that at the generic point they form a basis of L-vector space El. Then 
s-yUJi A Siuj 2 A ■ • • A SiU n A ■ • • A s r u n , Si A • • • A s r and uj-y A • • • A u n are non-zero rational sec- 
tions of det f*(E), det (22) and det f* (Ox) respectively. Here we shall prove the following 
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equality in Zjj(Y): 



(4.2.1.1) div /\s ; 



ik 



-log/ig ( /\SiU k , /\SiUJ k 

ik ik 




it /c 



logdet /i A Si ' A s ' 



where /\ ik SiU k = s 1 u l A Si^ 2 A • • • A SiU n A • • • A s r u n , f\ k uj k = uj x f\ ■ ■ ■ f\ uj n and /^s* = 
Si A • • • A s r . 

First we shall show the equality of divisors. Let Yq be the maximal Zariski open set of X 
such that / is flat over Yq. Then, codimy(y \ lo) > 2 by p73| , III, Proposition 9.7]. Since / 
is generically finite, / is in fact finite over Yq. Then Z 1 (Y) = Z 1 (Yq) and thus it suffices to 
prove the equality of divisors over Yq. Since it suffices to prove it locally, let U = Spec (A) 
be an affine open set of Yq and = Spec(5) the open set of X = / _1 (Yo)- Shrinking 

U if necessary, we may assume that B is a free A-module of rank n and that E is a free 
-B-module of rank r. Let d\, di, ■ ■ ■ , d n be a basis of B over A, and ei, e2, - • • , e r be a basis 
of .E over 5. Note that K and L are the quotient fields of A and B respectively. In the 
following we freely identify a rational function (or section) by the corresponding element at 
the generic point. In this sense, we set 



ii 
1=1 

r 

Si = ^o-yej- (i = 1,2, ■ ■ • ,r), 
where a kl E K (1 < k,l < n) and cr^- E L (1 < i, j < r). 



For each cr^(l < i,j < r), let : L — ► L be multiplication by <7y. With respect to a 
basis cui,^, " • ,co n oi L over gives rise to the matrix {Cij)i<k,i<n M n (K) defined 

by 



Z=l 



We also denote this matrix by T CTj . Then, 



ifc ifc \i=l / ifc \i=l i=l 

= det(cg)ifcj7 A e ^ fc = det ( c S)ifcjz A ei ( E a ^ 



ifc \Z=1 
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= det(cg)i*j! A ( $^« aW ) e i u i = detic^ikjidet^ija^ikji /\eidi. 

ik \j=\ / ik 

On the other hand, since the matrices T„.. and T„ . . commute with each other, we have 



det(c*i) ifcij7 = det 



T T 

x CT21 0"22 



T 



- 1 (7,.,./ 



det ^ sign^T^^ T arT(r 

\re6 r 



det(T de t(<ry)y) 
Norm L/K (det(<Ti i ) i ^ 



Moreover, we have 



detf^-a^fcj; = det(I P ® (a fe %) 
= (det(a fc %) r . 

^From the above three equalities, div (f\ ik SiU k ) is given by the rational function 



Norm L ik (det (o^- ) ^ ) (det (a 



ki\ 



)kl 



Further 



Hence we have 



f\Si = (det((7ij)ij) A e k and f\u k = (det(a kl ) kl ) f\ d k . 



div ( A SjU^j - r ^div ^ A ^fcj J = f* ^ div f A J ' 

Next we shall show the equality of currents. Since all the currents in the equality come 
from locally integrable functions by Proposition |1.2.5| and Proposition |4.1.1| , it suffices to 
show the equality over a non-empty Zariski open set of every connected component of Y(C). 
So let Wo be a non-empty Zariski open set of a connected component of F(C) such that fc is 
etale and that Si (1 < i < r) or u k (1 < k < n) have no poles or zeroes over there. Then over 
W all these currents are defined by C°° functions. Let y G Y(C) be a complex point and 
xi,X2,"' ,x n be the fiber f^iv) over y. ^From the proof of Lemma [4.1.2| , as C°° functions 
around y, 

-log/ig I A Si^k, A SiUJk I (v) = - lo g det \ I det(fi)| 2r JJdet (hfa, s j )(x a )) i 

\ ik ik / \ a=l 

where Q = (uJk(x a ))ka an d H(x a ) = (h(si, Sj)(x a ))ij. Also, 

- log h%* (A w *.A w *) ^ = - log det 1 det ( fi ) i 2 - 
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On the other hand, by the definition of the push- forward /*, 

/* - logdet h I /\si, /\si \ \ (y) = ^2~ logdet hl/\s h /\si 



I Xr 



a=l 
n 



^-logdet (h(s i ,s j )(x a )) i 



Hence we have the desired equality of currents by the above three equalities. 

Thus we have showed the equality (|4.2.1.1[ ). Since the right hand side belongs in fact to 
Z^iY), the left hand side must also belong to Z l Ll {Y), and thus we have the equality in 
Zl(Y). ' □ 



5. Arithmetic Riemann-Roch for stable curves 

5.1. Bismut-Bost formula. Let X be a smooth algebraic variety over C, L a line bundle 
on X, and h a generalized metric of L over X. Let s be a rational section of L. Then, by 
the definition of the generalized metric h, — log h(s, s) gives rise to a current — [log h(s, s)]. 
Moreover, it is easy to see that a current 

dd c (-[logh(s, s)]) + 5 div(s) 

does not depend on the choice of s. Thus, we define ci(L, h) to be 

c x {L,h) = dd° {-[log h(s,s)]) + 5 div(s) . 

Let / : X — > Y be a proper morphism of smooth algebraic varieties C such that every 
fiber of / is a reduced and connected curve with only ordinary double singularities. We set 
E = {x G X | / is not smooth at x.} and A = /*(£). Let |A| be the support of A. We fix 
a Hermitian metric of ujx/y- Then, in |l[], Bismut and Bost proved the following. 

Theorem 5.1.1. Let E = (E,h) be a Hermitian vector bundle on X. Then, the Quillen 
metric hg of det Rf*(E) on Y \ |A| gives rise to a generalized metric of det Rf*(E) on Y. 
Moreover, 

Cl (det RU(E), hf) = -h [td^x/y- 1 ) ch(^)] (2,2) - ^5 A . 

5.2. Riemann-Roch for stable curves. In this subsection, we prove the arithmetic Riemann- 
Roch theorem for stable curves. 

Theorem 5.2.1. Let f : X —>■ Y be a projective morphism of regular arithmetic varieties 
such that every fiber of fc '■ X(C) — > Y(C) is a reduced and connected curve with only 
ordinary double singularities. We fix a Hermitian metric of the dualizing sheaf uox/y ■ Let 
E = (E, h) be a Hermitian vector bundle on X . Then, 

ex (det Rf*(E),hf) -rk(£)c! (det Rf*(O x ), h% x ) G CH^F) 
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and 



ci (det Rf*(E), hf) - rk(£)c! (det Rf*(O x )X c 

= U Q {MW - c 1 (E) ■ c 1 (uJ x/Y )) - c 2 (E)^j 

in CH l i(Y)q, where hg and hg x are the Quillen metric of det Rf*(E) and det Rf*(O x ] 
respectively. 

Proof. We prove the theorem in two steps. 

Step 1. First, we assume that /q : Xq — ► Yq is smooth. In this case, by |iT| , 
ci (deti?/*^),/^) = U (ch(E,h)td(Tf,h f ) -a(ch(E c )td(Tfc)R(Tf c ))" 0, 
in CH (Y)q. Since 

ch(F) = rk(£) +Cx(E) + (hci(E) 2 -c 2 (E) ) -\ (higher terms) 



and 

tdfTf.fr/) = 1 - 



td(T/, fr/) = 1 - \c x {uj x /y) + td 2 (Tf, h f ) + (higher terms), 



we have 

/ ^ ^ \ ( 2 ) 1 — 

(ch(£, h)td(Tf, h f )) = - {ME) 2 - ^i(E) ■ c^x/y)) - ME) + rk(E)td 2 (Tf, h f ). 

On the other hand, since the power series R(x) has no constant term, the (1, 1) part of 

ch{E c )td(Tf c )R(Tf c ) 
is rk(E)Ri(Tfc), where Ri(Tfc) is the (1, 1) part of R(Tf c ). Therefore, we obtain 

(5.2.1.1) ci (det Rf*{E), hf) = /„ Q (cr(£) 2 - c x (E) ■ M^x/y)) - c 2 (E)^j 

+ ik(E)f, (td 2 (Tf,h f ) - a(i2i(T/ c ))) . 
Applying ( |5.2.1.1| ) to the case (E, h) = (Ox, h can ), we have 

(5.2.1.2) c x (det RMO x ),h^ = /* (td 2 (Tf,hf)-a(Rx(Tfc))) . 

Thus, combining ( |5.2.1.1| ) and ( |5.2.1.2| ), we have our formula in the case where /q : Xq — >■ Yq 
is smooth. 

Step 2. Next, we consider the general case. The first assertion is a consequence of 
Theorem |5.1.1| because using Theorem [5.1.1| , 



ci (det Rf*(E),hf) -rk(E) Cl (det Rf*(O x ),h° x 

= -/, [tdipx/Y^ 1 ) ch(E)}^ 2) +rk(£)/. t.Ur v v 'j.hfOv; ; 
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belongs to L1 0c (Qy(c)) by Proposition |1.2.5| . The second assertion is a consequence of 
the useful Lemma |2.5.1| . In fact, both sides of the second assertion are arithmetic L 1 - 
cycles on Y by the first assertion and the Proposition 2.2.2| : If we take A = {y G Yq \ 
fq is not smooth over y} and define A to be the closure of A in Y, then the compliment 
U — Y \ A contains no irreducible components of fibers of Y — > Spec(Z) and fc is smooth 
over [7(C): The arithmetical linear equivalence of both sides restricted to U is a consequence 
of Step 1. Thus by Lemma |2.5.1|, we also have our formula in the general case. □ 



6. Asymptotic behavior of analytic torsion 

Let M be a compact Kahler manifold of dimension d, E — (E, He) a flat vector bundle of 
rank r on M with a flat metric h E , and A = (A, Ha) a Hermitian vector bundle on M. For 
< q < d, let Aq >n be the Laplacian on A°' q (Sym n (E) ® A) and A' the restriction of A ?jn 
to Image <9 © Image <9. Let a(A' ) = {0 < Ai < A2 < • • ■ } be the sequence of eigenvalues 
of A' . Here we count each eigenvalue up to its multiplicity Then, the associated zeta 
function Cg,n( s ) is given by 

00 

C 9 ,n(s) = Tr [(A; jn )- S ] =£>r'. 

i=i 

It is well known that Cg,n( s ) converges absolutely for dt(s) > d and that it has a meromorphic 
continuation to the whole complex plane without pole at s — 0. The analytic torsion 
T (Sjm n (E) ® I) is defined by 

d 

r(Sym»(l)®3)=5^(-l)V 9 ,„(0). 

9=0 

In the following we closely follow p6| , §2]. 

The Theta function associated with a(A' qn ) is defined by 

00 

9 9 , n (t) = Tr [ex P HA' ?) J] =^e- A ^. 

i=l 

By taking Mellin transformation, we have, for dt(s) > d, 
We put 

" rk(Sym"(E)) n r( S ) J BftB * ' 

Then we have 

rk(Sym"(£)) n ^'^^ = 71 S ^' n(s) 
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and thus 

(6-1) rk(Sym"(E)) ^" (0) = -( lo ^)C q ,n(0) + C(0) 

Bismut and Vasserot ||, (14), (19)] showed that Q q>n (t) has the following properties (note 
that these parts of do not depend on the assumption of positivity of a line bundle, as 
indicated in Vojta [^6[ Proposition 2.7.3]): 

(a) For every fceN, < g < ci and n G N, there are real numbers a qn (— d < j < k) such 
that 

i re k 



rk(Sym n (£)) 



as 1 1 0, with o(t fc ) uniform with respect to n G N. 
(b) For every < q < d and j > — d, there are real numbers a J q such that 

<n = «g + (; ( — 



asn-> oo. 

Also by (b), we can replace the o(t k ) in (a) by 0(t k+1 ) and still have the uniformity 
statement. Thus we can write, for every k G N, 



rk(S^-( g )) ''" e -6) = g/- t ' + ^ (<) 
with p* n (t) = o(t fc+1 ). Then 



WlSj rk(Sym"(E)) n r(s) A t 

+ mJ ^Ms)Jo pq ' n 



(t)dt 



rk(Sym n (E))'^ r(s) A 9,n W " < 



In the last expression, the first integral is holomorphic for all s G C, while the second 
integral is holomorphic for 3?(s) > —k — 1; the middle term is a meromorphic function in 
the whole complex plane. 

Putting k = and s = in the above equation, we have 



(6-2) CUO) = o! 
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Moreover, by differentiating the above equation when k = 0, we have 



DC 



+ Ej-Cr , (i) + r5j/a) 

We have now the following Proposition. 
Proposition 6.4. There exists a constant c such that for all fiGN, 

CW^-m^-Mogn 
Proof. By (|OD, O and (p|), we have 
C n (0) = -rk(Sym"( J E;))n' i (logn)a° n 



t 



+ r k (Sym » W K ( rk(s ^. (fi)) ^/"e... g) 



dt 

T 



In the first term of the right hand side, a° q n is bounded with respect to n by (b). In the 
second term of the right hand side, the first integral is non-negative; the sum of a^ n 's is 
bounded with respect to n by (b); the term —a° Y'{l) is also bounded with respect to n by 
(b); the second integral is also bounded with respect to n, for p^ n (t) = 0(t) uniformly with 
respect to n. Moreover, 

rk(Sym"(£)) = + = 0{n^ 1 ) 

as n — > oo. Thus, there is a constant c such that for all nGN, 

□ 

In the following sections, we only need the case of d = 1, namely where M is a compact 
Riemann surface. In this case, the above Proposition |6.4| gives an asymptotic upper bound 
of analytic torsion. 

Corollary 6.5. Let C be a compact Riemann surface, E = (E,He) a flat vector bundle of 
rank r on C with a flat metric h, and A = (A, Ha) a Hermitian vector bundle on C . Then, 
there is a constant c such that for all nGN, 

T (Sym n (£) ®A)<cn T \ogn. 

Proof. Since dimC = 1 

r(Sym"(E)®A) = -C(, n (0). 
Now the corollary follows from Proposition |6.4j. □ 
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7. Formulae for arithmetic Chern classes 
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7.1. Arithmetic Chern classes of symmetric powers. Let M be a complex manifold 
and (E, h) a Hermitian vector bundle on M. Since E® n has the natural Hermitian metric 
h® n , we can define a Hermitian metric Sym n (/i) of Sym n (E) to be the quotient metric 
of E® n in terms of the natural surjective homomorphism E® n — > Sym n (E). We denote 
(Sym n (E), Sym n (/i)) by Sym n (E, h). If x G M and {ei, ... , e r } is an orthonormal basis of 
E x with respect to h x , then it is easy to see that 



(Sym») 



. p Q f . . . P P1 



Ot r \ 



if (a 1} ... ,a r ) = (A, . . . , 
otherwise. 



Then we have the following proposition. 



Proposition 7.1.1. Let X be an arithmetic variety and E = (E,h) a Hermitian vector 
bundle of rank r on X . Then, we have the following. 

I . . .\ 

n f n + r — 1 



(1) c 1 (Sym n (E)) = - 

(2) If X is regular, then 
ch 2 (Sym n (E)) - 



C!(E)+a 



«lH hQr=", 

ai>0,...,« r >0 



r + 



i jch 2 (^) + -( _ , 1 )r,(A)- 



r + 1 



+ a 



/ 



7 E lo § 

\ aiH ha r =ii, 

\ ai>Q,...,a r >Q 



TV. 



ail 



■ a r 



Cl (E) 



J 



Proof. In C. Soule gives similar formulae in implicit forms. We follow his idea to 
calculate them. 

(1) First of all, we fix notation. We set 

S r , n = {(«!,..., a r ) G (Z + ) r | «i H \-a r = n}, 

where Z + = {x G Z|x > 0}. For / = (a 1; . . . , a r ) G SV,n and rational sections s 1; . . . ,s r of 
.E, we denote s" 1 • • ■ by s 7 and ai! • ■ ■ a r ! by I\. 

Let si, . . . , s r be independent rational sections of E. Then, {s 7 }/ e 5 r n forms independent 
rational sections of Sym n (E). First, let us see that 



(7.1.1.1) 



<liv I f\ s 1 



n ( n + r — 1 
r — 1 



div(si A • • • A s r ). 



This is a local question. So let x G X and {tui, . . . , u r } be a local basis of E around x. We 
set Si = Yuj=i a ij u j- Then, si A • • - A s r — det(aij)ui A • • • A u r . Let K be a rational function 
field of X. Since the characteristic of K is zero, any 1-dimensional representation of GL r (K) 
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is a power of the determinant. Thus, there is an integer iV with 

/\ s 1 = det(a ii ) JV /\ J. 

Here, by an easy calculation, we can see that 

n fn + r — 1 
r \ r — 1 

Thus, we get Q7.1.1.1J) . 

Next, let us see that 

(7.1.1.2) -logdet (Sym"(/ i )(/, S J )) / JgSrn = 



n fn + r — 1 



1 Jlogdet(/i(si,s j )) iJ -+ ^ log (7[) 

.n 



Let x G X(C) and {ei, ... , e r } an orthonormal basis of E <8> We set Sj = X>i=i % e j- 

Moreover, we set s 1 = J2jes rn bije J . Then, in the same way as before, det (6jj) = det(bij) N . 
Further, since 

Sym n (h)(s I ,s J )= Yl hv^ n {h){e I \e J, )bjr jl 

I'J'eSr 

,71 

we have 

det (Sym"(ft)(«', s J )), JeSrn = | det(6„)| 2 det (Sym"(ft)(e', e J )), JeSrn 

= i det^ji- n 

,71 

Thus, we get ( |7.1.1.2j ). Therefore, combining ( |7.1.1.1| ) and ( |7.1.1.2| ), we obtain (1). 

(2) First, we recall an elementary fact. Let $ G R[Xi, . . . ,X r ] be a symmetric homoge- 
neous polynomial, and M r (C) the algebra of complex r x r matrices. Then, there is a unique 
polynomial map $ : M r (C) — > C such that $ is invariant under conjugation by GL r (C) and 
its value on a diagonal matrix diag(Ai, . . . , A r ) is equal to $(Ai, . . . , A r ). 

Let us consider the natural homomorphism 

p r , n : Autc(C7) -> Aut c (Sym n (C r )) 

as complex Lie groups, which induces a homomorphism 

7r,n = d(p r , n ) id : End c (C r ) - End c (Sym n (C7)) 

as complex Lie algebras. Let {ei, . . . ,e r } be the standard basis of C r . Then, {ej}i e s r , n 
forms a basis of Sym n (C r ), where ej = e" 1 • • • e° r for I = (a 1; . . . , a r ). Let us consider the 
symmetric polynomial 



<*5 B = ^ E x ' 



2 

/es r ,n 
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in M[Xj] i e g r n . Then, by the previous remark, using the basis {e/}/ g s r n , we have a polynomial 
map 

ch^: End c (Sym"(C r )) -> C 
such that ch. r 2 ' n is invariant under conjugation by Aut<c(Sym n (C r )) and 

ch 2 ' n (diag(Ai) /eSrn ) = cli2 ,n (. . . , Aj, . . . ). 



Here we consider a polynomial map given by 



i r,n 

cn 



r , n : End c (C r ) End c (Sym n (C r )) C. 

Since 7r , n (PAP- 1 ) = p r ,„(P)7r,n(A)Pr,n(P)" 1 for all A G End c (C r ) and P G Aut c (C r ), 
is invariant under conjugation by Aut<n(C r ). Let us calculate 

r , n (diag(Ai, . . . , A r )). 

First of all, 

7 r , n (diag(Ai, . . . , A r )) = diag (. . . , (o^Ai + • • • + a r \ r ) ) (air .. )ar)eSf . n • 

Thus, 

r>n (diag(Ai, . . . , A r )) = - ^ («iAi H h« r A r ) 2 . 

(ai,... ,a r )eS r ,„ 

On the other hand, by easy calculations, we can see that 

£ + ... + a r X r f =(" + (A? + ■.. + A?) 4- (" + : 7 (A, + • • ■ + A,.) 2 . 

(ai,...,a r )eS r ,„ V 7 V 7 

Therefore, we get 

Mdiag(A l5 . . . , A r )) = i (™ + (A? + ■ ■ • + A r 2 ) + \ ( n + / + ~ X ) (A x + ■ ■ ■ + A r ) 2 . 
Hence, 

fn + r\ 1 /n + r — 1 \ . n9 

(7.1.1.3) ^=( r + 1 J^+2( r + 1 

where ch 2 (X 1 , ... ,X r ) = ~{Xf + ■ ■ ■ + X 2 r ) and c x {X x , . . . , X r ) = X x + • • • + X r . 

Let M be a complex manifold and F = (F, /ij?) a Hermitian vector bundle of rank r on M. 
Let Ifp be the curvature form of F, and Fgym n (F) ^ ne curvature form of Sym n (F). Then, 

K Sym"(F) = (7r,n ® idALl(M)) {Kp). 

Thus, by ( [7.1.1.3|) , 

(7.1.1.4) ch 2 (Sym»(F, h F )) = ^ + r \ ch 2 (F, + ~ f n +| ~ ^ Cl (F, h F f. 
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Now let E = (E, h) be a Hermitian vector bundle on a regular arithmetic variety X. Let 
h' be another Hermitian metric of E. Then, using the definition of Bott-Chern secondary 
characteristic classes and ( [7.1.1.4]) , 



n + r\~.„ , ,,. 1/n + r — 1, , , 

ch 2 (E,h,ti) + - 1 )cl{E,h,ti) 



ch 2 (Sym n (£, fc)) - ch 2 (Sym n (£, /i')) 

v r + I I 2 V /•-! I 

Thus, 

ch 2 (Sym"(£, fc)) " (" + J) /») " i f " ^ ~ ci(^, />) 2 

does not depend on the choice of the metric h. Therefore, in order to show (2), by using 
splitting principle flH], 3.3.2], we may assume that 

(E,h) = Li © ■ • ■ ©I r , 

where Lj = (Lj, /ij)'s are Hermitian line bundles. Then, 

Sym«(I) = if" 1 © -.. © LT r © (o x , ^p±h can \ . 

QlH hOr=") 

ai>0,... ,« r >0 

Therefore, ch 2 (Sym n (E)) is equal to 

£ (ch 2 (If" 1 © • ■ ■ ©If^) - log f a ( Cl (If- 9 ...qZ 



«xH ha r =n, 

ai>0,... ,a r >0 



On the other hand, since 



(e*l,." ,Or)£S r ,n 



£ log (^r-^T)(^ + ''' + a ^ 



r < — ' v «i! -.. a 

we have 

ch 2 (Sym-(B)) = £ + j) &,(E) + i (" ^ " ^(B)' 

+ log ( — j-^ -J a («iCi(Li) H ha r Ci(L r )) 

(£*!,•■• ,a r )6i r ,n 



r + i jch 2(B) + -( r + 1 jc l(B )' 



r 14 — ' \ a,\\ • ■ ■ a r \ 

(«!,••• ,<Xr)£S r 
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Thus, we get (2). □ 

7.2. Arithmetic Chern classes of E®E V . Here, let us consider arithmetic Chern classes 
of E® E W . 

Proposition 7.2.1. Let X be a regular arithmetic variety and (E,h) a Hermitian vector 
bundle of rank r on X . Then, 

ch 2 (E ®E v ,h® h y ) = 2rch 2 (£, h) - c^E, hf = (r - l)ci(£, hf - 2rc 2 (E, h). 

Proof. Since dii(E v ,h v ) = (-l^ch^, h) and ch(E® E v , h®h v ) = di(E, h) •ch(E v , h v ), 
we have 

ch 2 (E ®E v ,h® h y ) = rch 2 (£, h) + c^E, h) ■ c x (E y , h v ) + rch 2 (E v , h y ) 
= 2rdi 2 (E,h)-c l (E,hf. 
The last assertion is derived from the fact 

ch 2 (E,h) = ±c 1 (E,h) 2 -c 2 (E,h). 

□ 

8. The proof of the relative Bogomolov's inequality in the arithmetic 

CASE 

The purpose of this section is to give the proof of the following theorem. 

Theorem 8.1 (Relative Bogomolov's inequality in the arithmetic case). Let f : X — > Y be 

a projective morphism of regular arithmetic varieties such that every fiber of fc '■ X(C) — > 
Y(C) is a reduced and connected curve with only ordinary double singularities. Let (E, h) be 
a Hermitian vector bundle of rank r on X , and y a closed point ofYq. If f is smooth over 
y and E\ x _ is semi-stable, then 

dis x /y(£, h) = /* (2rc 2 (£, h) - (r - l)ci(E, hf) 

is weakly positive at y with respect to any subsets S of Y(C) with the following properties: 
(1) S is finite, and (2) f € l (z) is smooth and Ec\f-i^ is poly-stable for all z E S. 

8.2. Sketch of the proof of the relative Bogomolov's inequality. The proof of the 
relative Bogomolov's inequality is very long, so that for reader's convenience, we would like 
to give a rough sketch of the proof of it. 

Step 1. Using the Donaldson's Lagrangian, we reduce to the case where the Hermitian 
metric h of E along f^(z) is Einstein- Hermitian for each z E S. 

Step 2. We set 

F n = Sym n (£nd(E) <g> f*(H)) ®A®f*(H), 

where A is a Hermitian line bundle on X and H is a Hermitian line bundle on Y. Later we 
will specify these A and H. By virtue of the arithmetic Riemann-Roch for stable curves (cf. 
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Theorem |5.2.1| ) and formulae of arithmetic Chern classes for symmetric powers (cf. § |T7T 
we can see that 

1 ^= r cx(detRf*(F n ),h n ) 

-disx/Y{E) = - hm 



r 2 +l 



(r 2 + 1)! n->oo Tl' 

where h n is a generalized metric of det Rf*(F n ) such that ci(det i?/*(F n ), h n ) G CH L i(Y) 
and h n coincides with the Quillen metric hq 1 at each z G S. 

Step 3. We assume that A is very ample and is ample. We choose an arithmetic 

variety B C X such that B G \A® 2 \ : B — > Y is etale over y, and B(C) — > Y(C) is etale over 
each z E S. (Exactly speaking, B is not realized as an element of |v4® 2 |. For simplicity, we 
assume it.) We set G n = F n \ B and g = f\ B . Here we suppose that g*(£nd(E) | ) <g> H and 
<7*( A| B ) ® if are generated by small sections at y with respect to S. 

Applying the Riemann-Roch formula for generically finite morphisms (cf. Theorem [4.2.1 ) , 
we can find a generalized metric g n of det g*{G n ) such that g n is equal to the Quillen metric 

of G n at each z G S, ci(det g*(G n ), g n ) G CH z i(Y), and 

lim cj(det g*(G n ),g n ) = 

Let us consider the exact sequence: 

- UFn) - g*(G n ) - R'MFn <g> A® -2 ) 

induced by -> F n <g> A®" 2 -> F n -> G n -> 0. Let Q n be the image of 

g*{G n )^R 1 f 3f {F n ®A®- 2 ). 

The natural L 2 -metric of g*(G n ) around z induces the quotient metric q n of Q n around z for 
each z G S. Thus, we can find a C°° metric q n of det Q n such that q n is equal to det q n at 
each z E S. 
Since 

detRf*(F n ) =detp,(G„)® (detQ^" 1 ® (det i? 1 /*^)) 0-1 , 
we have the generalized metric t n of deti? 1 /*(F n ) such that 

(det Rf*(F n ),h n ) = (det g*(G n ),g n ) ® (detQ^f" 1 <g> (detiJ 1 /.^),^)®" 1 - 

Step 4. We set a n = max 2e 5{log/f: n (s n , s n )(z)}, where s n is the canonical section of 
det i? 1 /*(-^n)- In this step, we will show that Ci(det Q n , q n ) is semi-ample at y with respect 
to S and a n < 0{n r log(n)). The semi-ampleness of c~i(detQ n ,g n ) at y is derived from 
Proposition [3.7.1| and the fact that g*(£ nd(E) | B ) ® # and g*(A| B ) ® H are generated by 
small sections at y with respect to S. The estimation of a n involves asymptotic behavior 
of analytic torsion (cf. Corollary |6.5| ) and a comparison of sup-norm with L 2 -norm (cf. 
Lemma |3.3.1|) . 



Step 5. Thus, using the last equation in Step 3, we can get a decomposition 

ci(det Rf*(F n ), h n ) 



n rl+l 



such that a n is semi-ample at y with respect to S and lim^oo /3„ = 0. 
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8.3. Preliminaries. First of all, we will prepare three lemmas for the proof of the relative 
Bogomolov's inequality. 

Lemma 8.3.1. Let M be a d- dimensional compact Kdhler manifold, E = (E,h) a flat 
Hermitian vector bundle of rank r on M , and V = (V, k) a Hermitian line bundle. Then, 
there is a constant c such that, for any n > and any s G H°(M, Sym n (E) £g> V), 

IMUp < CTl d+r_1 ||s|| L 2. 

Proof. Let f : P — Proj (® i>0 Sym*(i?)) — ► M be the projective bundle of E, and 
L = Op{l) the tautological line bundle of E on P. Let hi be the quotient metric of L 
induced by the surjective homomorphism f*(E) L and the Hermitian metric f*(h) of 
f*(E). Let Qm be a Kahler form of M. Since E is flat, C\(L, hi) is positive semi-definite of 
rank r — 1. Thus, /*(^m) +ci(£, /iz,) gives rise to a fundamental 2-form Qp on P. Moreover, 
by virtue of the flatness of E, we have Ci(L, /li) 7 * = 0. Thus, 

^ P +r - 1 = ( d+r d ~ 1 ) r(«Sf) A c ^ ^r 1 - 

By [[11], Lemma 30], there is a constant c such that 

for any n > and any s' G H°(P,L® n <g> /*(V)), where ||s'|| L 2 = ^ |s'| 2 ^ +r_1 . We denote 
a homomorphism 

r(Sym"(£)) ® -> L® n ® f*(V) 

by a n . As in the proof of (JTTJ, (44)], we can see that, for any s G H°(M, Sym n (E) ® V), 

/ n + r — 1 N 



r — 1 



|a„(s)| ci(L,h L ) 



7—1 



Thus, 



2in+ r -i) ii^iisVi^^r^f^/lii^iLV 



Therefore, we get 



n + r — 1 



2 I ill / \ 1 1 2 

sup — \ r — 1 ' II ^^C" 5 ) llsup 



for all s G #°(M, Sym n (£) <g> V). 
On the other hand, 

= / K(s)| 2 ^p 



d + r- 1 
d 

d + r - 1 
d 



|o B (a)| a r(njf)Ac 1 (L,/n ; ) p - 1 

M JP-+M 

Kl [ \(*n{.s)\*C X (L,h L ) r - 1 
M JP-*M 



46 



SHU KAWAGUCHI AND ATSUSHI MORIWAKI 



d + r — 1\ fn + r — 1 
d j\ r-1 

d + r — l\ /n + r — 1 
d )\ r-1 



lsl 2 O d 



M 



-1 



2 



Therefore, 



iC P < [ n +^ 1 ^IKOOfc 



c 2 n 2(d+r-l)|| s ||2 2 _ 



r — 1 
'd + r - T 
d 

Thus, we get our lemma. □ 

Here we recall Einstein-Hermitian metrics of vector bundles. Let M be a d-dimensional 
compact Kahler manifold with a Kahler form Qm, and a vector bundle on M. We say E 
is stable (resp. semistable) with respect to Qm if, for any subsheaves F of E with C F C 



rkF 



£ Cl (F) A fifr 1 < -L Cl (E) A n*F J . 



(resp. ^ c x{ F) A < £ c l( £) A 

Moreover, .E is said to be poly-stable with respect to Om if E is semistable with respect to Om 
and E has a decomposition E = E\ © • • • © of vector bundles such that each E{ is stable 
with respect to Qm- Let /i be a Hermitian metric of -E 1 . We say h is Einstein-Hermitian 
with respect to £Im if there is a constant p such that K(E, h) A Q^J 1 = P^m © ids, where 
K(E,h) is the curvature form given by (E,h) and id^ is the identity map in TCom(E,E). 
The Kobayashi-Hitchin correspondence tells us that E has an Einstein-Hermitian metric 
with respect to Qm if and only if E is poly-stable with respect to VL M . 

Lemma 8.3.2. Let M be a compact Kahler manifold with a Kahler form Q,m } and E a poly- 
stable vector bundle with respect to Qm on M. If h and h' are Einstein-Hermitian metrics 
of E with respect to Qm> then so is h + h! . 

Proof. Let E = E\ © • • • © E s be a decomposition into stable vector bundles. If we set 
hi = h\ E . and h! i = h'\ E . for each i, then hi and h\ are Einstein-Hermitian metrics of Ei and 
we have the following orthogonal decompositions: 

s s 

(E,h) = ($(E i ,h i ) and (E, ti) = ®(E i} ty) 

i=l i=l 

(cf. |TB| Chater IV, § 3]). Thus, we may assume that E is stable. In this case, by virtue 
of the uniqueness of Einstein-Hermitian metric, there is a positive constant c with h' = ch. 
Thus, h + h! — (1 + c)h. Hence h + hi is Einstein-Hermitian. □ 



INEQUALITIES FOR SEMISTABLE FAMILIES OF ARITHMETIC VARIETIES 



47 



Lemma 8.3.3. Let C be a compact Riemann surface. Considering C as a projective variety 
over C, let C = C ®c C be the tensor product via the complex conjugation. Let E be a 
vector bundle on C , and E = E £g>c C on C . Then, E is poly-stable on C if and only if E is 
poly-stable on C . 

Proof. This is an easy consequence of the fact that if F is a vector bundle on C, then 
deg(F) = deg(P). □ 

8.4. Complete proof of the relative Bogomolov's inequality. Let us start the com- 
plete proof of the relative Bogomolov's inequality. 

Considering S U F^S) instead of S, we may assume that Foo(S) = S by virtue of 
Lemma |S.3.3| . For each z G S, let Q z be the Kahler form induced by the metric of uJx/y 
along f^ (z). Since Ec\j-i^ is poly-stable for all z £ S, there is a C°° Hermitian metric h! 
of Ec such that h'\^-i^ is Einstein- Hermitian with respect to Q z for all z G S. It is easy to 

is Einstein-Hermitian with respect to fl« for all z G S. Thus, if hi is 



see that F^(h') 



not invariant under F^, then, considering h' + F^h'), we may assume that h' is invariant 



under F^. For, by Lemma |8.3.2| , h' + F^h') is Einstein-Hermitian with respect to Q z on 
f^ 1 {z) for each z G S. 
Here we claim: 

Claim 8.4.1. There is a 7 G L\ oc (Y{C)) such that 0(7) G CH Ll (Y;S) and 7(2) > for 
each z <E S, and 

dis x /y(£, h) = <Hsx/y(E, h') + 0(7). 

Proof. We set <p = {/det(h')/ det(h). Then, it is easy to see that dis^/y {E, <j)h) = 
disx/Y(E,h). Thus, we may assume that det(h) = det(h'). Then, we have 

dTs x/Y (E, h) - dTs x/y (£, ti) = a (-/42rch 2 (£, h, h'))) . 

Hence if we set 7 = — f*(2rch 2 (E, h, h')), then 0(7) G CH L i(F; S). On the other hand, by [|[ 
(ii) of Corollary 1.30], —f*(ch. 2 (E,h,h'))(z) is nothing more than Donaldson's Lagrangian 
(for details, see |[§L §6]). Thus, we get 7(2) > for each z G S. □ 



By the above claim, we may assume that h\j-i^ is Einstein-Hermitian for each z G S. 
Let A = (A, hj±) be a Hermitian line bundle on X such that A is very ample, and A ® u x Jy 



is ample. If we take a general member M' of |Aq |, then, by Bertini's theorem (cf. |15 
Theorem 6.10]), M' is smooth over Q, and M' — > Yq is etale over y. Note that if Z is 
an algebraic set of , U is a non-empty Zariski open set of Pq, and U(Q) C Z(C), then 
Z = P^ . Hence, we may assume that M'(C) — > F(C) is etale over z for all zgS. Let M' = 
M[ + • • ■ + M'i + M! +1 + • • ■ + ML be the decomposition of M' into irreducible components 
(actually, the decomposition into connected components because M' is smooth over Q) such 
that fq(M-) = Y Q for 1 < i < l x and / Q (Mj) C F Q for ^ + 1 < j < l 2 . Let M» (z = 1, . . . , h) 

be the closure of M[ in X. We set M = Mi H h M tl and S = M x ]J • • • ]J M Zl (disjoint 

union). Then, there is a line bundle L on X with M G |v4® 2 ®L|. Note that — Ox y and 
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L cl/- 1(z) * O f -, {z) for all z G S because y # Uf 4+1 / Q (^) and z G* (J?= Il+ i /c(M<(C)). 

We denote the morphism B -> M -> X by t, and the morphism B — X — — > K by g>. We 
remark that the morphism 5 — > M is an isomorphism over Q. Further, we set 

F = £nd(E, h) = (E(g) E y , /i ® /i v ). 

Then, h®h v is a flat metric along (z) for each z G 5 because h®h y is Einstein-Hermitian 
and deg (J5 ® -E v ) = along fc (z). We choose a Hermitian line bundle H = (H, hu) on Y 
such that g if (i*(A)) ®H and g*(i*(F)) <®H are generated by small sections at y with respect 
to S. Moreover, we set 

F n = Sym" (F®f*(H)) ®A®f*(H) = (Sym n (F ® /*(#)) <g> A <g> fW, **) • 

Claim 8.4.2. There are Z , . . . , Z r 2 G CH^Y; 5)q and /3 G Ll c (Y(C)) such that a(f3) G 
CH Ll (Y;S), and 



/* ( ch 2 (F n ) - -ci(F n ) •ci(wx/ y ^ 



/7 



r 2 + 



— /*(ch 2 (F)) + ]T Zin* + a(b n (3), 



i=0 



where b r: 



J2 lo s 



aiH \-a r 2=n, 

«1>0,... ,« 2>0 



q;i! ■ ■ ■ a r 2\ 



Proof. Since Sym n (F ® f*(H)) ®A® f*(H) is isometric to Sym n (F) ® f*(H)^ n+1 ^ ® A, 



ch 2 (F n ) = ch 2 (Sym n (F)) + ci(Sym n (F)) ■ ci(f*(H)^ n+1 ^ ® A) 

+ r 2 — 1 

+ ' 



ch 2 (r(#) 



®(n+l) 



<8> A). 



Here since det(F) = Ox, by Proposition |7. 1 . 1 



n + r 
r 2 + 1 



ch 2 (F). 



^(Syrn^F)) = a(b n ) and ch 2 (Sym"(F)) 

Thus, by Proposition |2.4.1| , 

U (ci(Sym n (F)) ■c x (f*{H)® { - n+V) ®~A)) = /, (6 n a ((n + l)/*(ci(#)) + Cl (A))) 

= a (6 n /,( Cl (A))) . 
On the other hand, using the projection formula (cf. Proposition |2.4.1|) , 

1 



®A) 



f* 



-Tx\ 2 



((n+l)c 1 (r(^))+c 1 (A)) 



/, [(n + l) 2 ^/* (tf )) 2 + 2(n + • c^A) + c^A) 2 ] 



n 



+ l)deg / (A)c 1 ( J ff) + -/,(c 1 (A) 2 ) 
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where deg^(A) is the degree of A on the generic fiber of /. Therefore, we have 



n + r 2 



/*ch 2 (F„)= ( r2+l )/,ch 2 (F) + 



U + J_ ! J \M + !) deg/A)^) + ±/, (ci(A) 2 ) ) + a (U*( Cl (A))) . 



Thus, there are Z , . . . , Z' r2 G CH (F; 5)q such that 



r 2 +l 



4.3) fA(F n ) = + ^ + a (6„/,(ci(A))) . 



i=0 



Further, since ci(F n ) -Cx(ujx/y) is equal to 

(ci(Sym»(F)) + ("^7 ^((n + lJ^rCH)) + ^M, 

we have 

/* (ci(F n ) • Ci(U x /y)) = a (&n/*( c i(^x/y))) + 

(" + /_ ~ X ) ((n + l)(2g - 2)^ (if) + f. (ck(2) • c^x/y))) ■ 

Thus, there are Zq , . . . , Z" 2 G CH (Y; S')q such that 

(8.4.4) /* (c x (F n ) ■ c^Ux/y)) = Z 'M + a {bnf*(ci(oJ x/Y ))) . 

i=0 

Thus, combining ( S.4.3 ) and flB.4.4 ), we get our claim. □ 

Let hx/Y be a C°° Hermitian metric of det Rf*Ox over Y(C) such that hx/Y is invariant 
under F^. Then, since the Quillen metric h%* of det R f.O x 

is a generalized metric, there is a 
real valued G L] 0C (Y'(C)) such that /ig x = e^hx/Y and i^(0) = ( a - e 0- Adding a suitable 
real valued C°° function 0' with = 0' to (replace W by e'^'h x /Y accordingly), 

we may assume that <p(z) = for all z G 5. Here, we set /i n = exp ^— ^ ~^ ^ J 0^ /ig". 

Then, /i n is a generalized metric of det Rf*F n with F^ihn) = h n (a. e.). Moreover, 

(jl _|_ ^.2 — j\ 
r 2 _i J^l ( det R f*@X, hx/Y) 

= ex (det i2/,F n , /ig") - + r f_ ~ ^ ck (det /ig^) . 



Here, since 
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by Theorem |5.2.1| and ci(det Rf*Ox, h x / Y ) G CH (Y; S), we have 

ci (det Rf*F ni h n ) G CR L1 (Y; S) Q . 
Further, by the arithmetic Riemann-Roch theorem for stable curves (cf. Theorem |5.2.1|) , 

r2 _ x fa (det RMO x ),h x/Y ) 

= /* ^ch2(F n ) - ^ci(F n ) ■ ci(uJ x /y)^ • 

Therefore, by Claim gXg , there are W , . . . , W r 2 G CH^F; S) Q and G L 1 1 oc (F(C)) such 
that o(/3) G CH^O^S), and 

r 2 +l r2 

(8.4.5) ci (det i?/*(F„), /i n ) = " /»(ch 2 (F)) + ^ Win* + a(6 n /3). 

^ r i=0 

™ ■ oar 1 ^ rcn v ci (deti?/,(F n ),/i n ) . -p-i 

Claim 8.4.6. dis x /y(-B) = - hm -5— 2n CH l1 (F;5)q. 

(r" 1 + 1)! n^oo n r +1 

Proof. By virtue of Proposition [7.2.1| , /*(ch 2 (-F)) = — dis^/y (-E 1 )- Thus, by ( fg.4.5|) , it is 
sufficient to show that < b n < 0{rf 2 ). 
It is well known that 

log^o + .-. + iog^) ^. (e l + --- + e N 

< lor 



AT ~ *\ N J 

for positive numbers #i, . . . , 9 N . Thus, noting — - — - = (r 2 ) n , we have 

' ai!---Q! r 2! 

aiH ho r 2=n, 

ai>0,... ,« r 2>0 

ai>0,... ,a 2 >0 



□ 



We set G n = i*(F n ). Then, by Theorem [OH 



ci (deti^Cy,/^") - j (det i^(0 B ), /ig fl ) G CH^(F;5) 

and 

Ci (det Rg*(G n ), hf} - (™ + r _ ~ ^ci (det Rg*(0 B ), /ig fl ) = ^ (ci(G n )) . 

As before, we can take a C°° Hermitian metric Hb/y of det Rg^iOs) over K(C) and a real 
valued cp G ^(^(C)) such that h° Q B = e^h B/Y , F^(h B/Y ) = h B/Y , F^ip) = if (a.e.), and 
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(p(z) = for all z e S. We set 



g n = exp ( -( U ^ 2 r _ i 1 )<p ) 



Then, 



-(- T 1 ^ ]\ 

r 2 _ i j^ 1 ( det R 9*(°b), h B /Y) = 9* (ci(G„)) 

and ci (det Rg*(G n ), g n ) E CH L i(F; S 1 ). Moreover, in the same as in Claim |8.4.2| , we can see 
that 

(fi _|_ »>2 — i \ 
^ 2 _ 1 J ((n + l)g&{9*{H)) + 9*ci{ L *{A))) ■ 

Thus, there are H^, . . . , W' r2 € CH^i(F; S , ) Q such that 

r 2 

ci (det Rg*(G n ),g n ) = W^V + a(6 n deg(p)). 

i=0 

Therefore, we have 

(8.4.7) hm M^g^pUO = o 

in CH^F;^. 

Let us consider an exact sequence: 

-> F„ ® A 55 " 2 ® L^ 1 -> F n -h. F n | M -> 0. 
Since F is semi-stable and of degree along X y and L| x = Ox y , we have 

/,(F n (g A®" 2 g) L® -1 ) = 
on Y\ Thus, the above exact sequence gives rise to 

-> /*(F n ) -> (/| M )*(F n | M ) -> i? 1 /*^ <8> A " 2 <g> L^ 1 ) -> i? 1 /*^). 
Let Q n be the cokernel of 

f*{F n ) — > (/Im)*(-^«Ia/) ~~ * 9*(G n ). 

Let Z7 be the maximal Zariski open set of Y such that / is smooth over U and g is etale over 
U. Moreover, let U n be the maximal Zariski open set of Y such that 

f (a) U n C U, 
( D ) (/Im)*(-^Ia/) coincides with over Z7 n , 

(c) fl7*(F n ) = over f/ n , and 
k (d) f*(F n ), g*(G n ) and Q n are locally free over C/ n . 

Then, y G (C/ n )Q an d £ ^ ^n(C). For, since A <g> c<J x * y is ample on X y and is semi-stable 
on X y , we can see that R 1 f*(F n ) = around y, which implies that f*(F n ) is locally free 
around y. Further, since f*(F n ) and (f\ M )*(F n \ M ) are free at y, R 1 f*(F n ) = around y, 
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and (f\ M )*(F n \ M ) coincides with g*(G n ) around y, we can easily check that Q n is free at y. 
Thus, y G (U n )q. In the same way, we can see that S C U n (C). 

Next let us consider a metric of detQ n . g*(G n ) has the Hermitian metric (/| M )* (k n \ M ) 
over U n (C), where k n is the Hermitian metric of F n . Let q n be the quotient metric of Q n 
over U n (C) induced by (f\ M )*(k n \ M ). Let q n be a C°° Hermitian metrics of det Q n over 
Y(C) such that F^qn) = q n and q n (z) = det q n (z) for all z G S 1 . (If g„ is not invariant under 

Foo, then consider (1/2) (g n + F^(g„)V) 

Here since det Rf*(F n ) ~ det/*(F n ) ® (det -R 1 /*^))" 1 an d det/*(F n ) ~ detg*(G n ) ® 
(detQ n ) _1 , we have 

det Rf*(F n ) ~ det^(G n ) ® (detQ^ 1 ® (det i?V,(F n )) _1 . 

Further, we have generalized metrics h n , g n and g n of det Rf*(F n ), det<7*(£r n ) and detQn- 
Thus, there is a generalized metric t n of deti? 1 /*(F n ) such that the above is an isometry. 

As in the proof of Proposition |3.7.1| , let us construct a section of det R 1 f*(F n ). First, we 
fix a locally free sheaf P n on Y and a surjective homomorphism P n — > R 1 f^(F n ). Let P' n be 
the kernel of P n — > R l f*(F n ). Then, P' n is a torsion free sheaf and has the same rank as P n 

because R 1 f*(F n ) is a torsion sheaf. Noting that ^A rkP " Pnj * s an i nver tible sheaf on Y, 

we can identify det R 1 f^(F n ) with 

rkP n /rki* \* 

A I Aft) ■ 

Moreover, the homomorphism /\ rkPn P' n —>■ /\ rkPn P n induced by "—>■ P n gives rise to a 
non-zero section s n of det R l f*(F n ). Note that s n (y) 7^ and s n (z) 7^ for all z G S because 
R 1 f*{F n ) = at y and z. 
Here we set 

a n = max{logt n (s n ,s n )(z)}. 

By our construction, we have 

c 1 (det J R 1 /*(^n),e- a "t n ) G CH^(F;S). 

and an isometry 

(8.4.8) {tetRUF n ),h n )~ 

(det g*(G n ), g n ) ® (det Q n , g n ) _1 ® (det R l f*(F n ) } e _aB t n ) _1 ® (Cy, e-°"/i can ). 

Here we claim: 

Claim 8.4.9. (detQ n ,g n ) is generated by small sections at y with respect to S. 
Proof. First of all, 

g*{L*{F)®g*{H))=g*{L*{F))®H and ^ (8 #*(#)) = g*(i*(A)) <g> if 
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are generated by small section at y with respect to S. Thus, by (2) and (3) of Proposi- 



tion 13.7.1 



g*(G n ) = g* (Sym n (i*{F) ® g*(H)) ® L*(A) ® g*(H)) 

is generated by small sections at y with respect to S. Thus, by (1) of Proposition |3.7.1|, 
(Qn, Qn) is generated by small sections at y with respect to S. Hence, by (4) of Propo- 
sition |3.7.1| , (det Q n , q n ) is generated by small sections at y with respect to S because 
q n (z) = det q n (z) for all z G S. □ 

Next we claim: 

Claim 8.4.10. a n < 0(rf 2 log(n)). 

Proof. It is sufficient to show that logt n (s n , s n )(z) < 0(n r2 log(n)) for each z G S. Let 
{ei, . . . ,ei n } be an orthonormal basis of g*(G n ) ® k(z) with respect to <?*(A; n | B )(;z) such 
that {ei, . . . , e mn } forms a basis of f*(F n ) ® fc(z). Then, e x A • • • A e mn , ex A • • • A ei n and 
e mn+ i A • • • A ei n form bases of det(/*(F„)) ® k(z), det(g*(G n )) ® ft (2), and det(Q n ) ® ft(z) 
respectively, and (ei A • • • A e m J ® (e m „+i A • ■ ■ A e tn ) — e x A - • • A e^, where 
are images of e mn+1 , . . . , e in in Q n ® ft(z). Then, 

(ei A ■ ■ ■ A e m J 8 s^t W = 5 .^'""^fu-M = W?«. 



where |a|> = a/ A(a, a) for A = h n , g n , q n ,t n . Moreover, let Vt z be the Kahler form induced 
by the metric of ZJx/y along f ( ^ 1 (z). Then, there is a Hermitian metric v n of H°(f^ l (z), F n ) 
defined by 



v n (s,s') = / k n (s,s')tt z . 

Here R 1 f*(F n ) — at z. Thus, (det R 1 f*(F n )) z is canonically isomorphic to Oy{C),z- Since 

(P n ) z = {Pn)z-, under the above isomorphism, s n goes to the determinant of (P n ) z —> {P n )z, 
namely 1 G Oy(c),z- Hence, by the definition of Quillen metric, 

| (ex A • • • A e m J ® sf" 1 ]^ (2) = det(v n (ej, e,-)) exp (-T (f^-^ 

Therefore, 

lo S l*n£,(^) = T (^n| /c -i (z) ) -logdet(w n (e i ,e i )). 

By Corollary [Q| , 

r(F n | /c _ 1(z) )<OK 2 log(n)). 
Thus, in order to get our claim, it is sufficient to show that 

-logdet(t> n (ei,ej)) < 0(n r2 ~ 1 log(n)). 
Let s be an arbitrary section of H°(f^ (z), F„). Then, by Lemma |8.3.1| , 

g*(K\ B ) (s,s) = I S IL( X ) ^ de s(#) su p {\ s \lA x )} ^ de g(^) c2 ^ 2r2 |l s lli2 

SGffcV) ^^^^ 
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for some constant c independent of n. Thus, by [|i~8| , Lemma 3.4] and our choice of e^'s, 

1 = det (g* (k n \ B ) (e^ej)) < [deg(g)c n r ) det (v n (e i: e^)) . 

Using Riemann-Roch theorem, we can easily see that 

dime H (f-\z), F n ) KOirf 2 - 1 ). 

Thus, we have 

-logdet(w n (ei,e j )) < 0(n r2 ~ l log(n)). 
Hence, we obtain our claim. □ 

Let us go back to the proof of our theorem. By the isometry (|8.4.8| ), we get 
-c"i(deti2/*(F n ),/i n ) = -ci (det g* (G n ), g n ) +c 1 (detQ n ,q n ) +ci(det R 1 f*(F n ),e~ an t n ) - a(a n ) 

= [ci(detQ„,g n ) + c 1 (det R 1 f*(F n ),e~ an t n ) + a (max{-a n , 0})] 
+ [-c'i(det^(G n ),5' n ) + a(min{-a n ,0})] . 

Here we set 

a n = nT 2 +l [c"i(det Q n , q n ) + c"a(det R 1 f l ,(F n ), e~ an t n ) + a (max{-a n , 0})] , 
(r 2 + 1)' 

P* = — [-ci(detg*(G n ),g n ) + a(rmn{-a n , 0}) . 
Then, 

-(r 2 + l)!c!(det^(F w ),/i n ) _ 

„2 i i a n + Pn- 

By ( gO) and Claim gXTUj lim (3 n = in CH^ (Y; S) Q . Therefore, by Claim |A6 
r H?\ r -(r" + 1)10, (det RMF n ),h n ) 

dis x /Y{E) = hm - s — = hm (a n + p n ) = hm a n 

n— >oo TV n—>oo n^oo 

in CH L i(F; S)q. On the other hand, it is obvious that 

Ci(det R^f^Fn), e~ an t n ) and a (max{— a n , 0}) 



is semi-ample at y with respect to S. By Claim fg.4.9| , Ci(det Q n , q n ) is semi-ample at y with 



respect to 5". Thus, a n is semi-ample at y with respect to S. Hence we get our theorem. □ 



9. Preliminaries for Cornalba-Harris-Bost's inequality 

This section is a preparatory one for the next section, where we will prove the relative 
Cornalba-Harris-Bost's inequality (cf. Theorem |10.1.4| ). Moreover, in the next section, we 
will see how the relative Bogomolov's inequality (Theorem |8.1| ) and the relative Cornalba- 
Harris-Bost's inequality (Theorem |lU.1.4p are related (cf. Proposition |10.2."^ ). 
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9.1. Normalized Green forms. Let Y be a smooth quasi-projective variety over C, E — 
(E, h) a Hermitian vector bundle of rank r on Y. Let ir : F(E) — > Y be the canonical 
morphism, where F(E) = Proj(0 i>o Sym*(i? v )). We equip the canonical quotient bundle 
0e(1) on F(E) with the quotient metric via tt*(E v ) — > Oe(^)- We will denote this Hermitian 
line bundle by 0^(1). Furthermore, let Q = ci(C?e(1)) be the first Chern form. 

The purpose of this subsection is that, for every cycle X C F(E) whose all irreducible 
components map surjectively to Y, we give a Green form gx such that on a general fiber, it 
is an fi-normalized Green current in the sense of || 2.3.2]. 

Let X be a cycle of codimension p on F(E) such that every irreducible component of 
X maps surjectively to Y. An Z^-form gx on F(E) satisfying the following conditions is 
called an Q-normalized Green form, (or simply a normalized Green form when no confusion 
is likely). 

(i) There are enclosed L 1 -forms 7$ of type (p — i,p — i) onY (i = 0, . . . ,p) with 

dd c ([gx]) + 5x = i>2[7t*( ll )AW]. 

i=0 

(ii) tt*(<7* Aff'- p ) = 0. 

Note that 7 P is the degree of X along a general fiber of n. 

Let X = Yli aiXi be the irreducible decomposition of X as cycles. Let Xi — > Xj be a 
desingularization of Xj, and /j : — > K the induced morphism. The main result of this 
subsection is the following. 

Proposition 9.1.1. With notation as above, there exists an Q-normalized Green form gx 
on F(E) satisfying the following property. Ify&Y and f\ is smooth over y for every i, then 
there is an open set U containing y such that 70, • • • ,7 P are C°° on U and that gx^-ifm ^ s 
a Green form of logarithmic type for Xjj, where 70, • • • ,J P are L 1 -forms in the definition of 
Q-normalized Green form. 

To prove the above proposition, let us begin with the following two lemmas. 

Lemma 9.1.2. There exist a Green form g of logarithmic type along X , and d-closed C°° 
forms j3i of type (p — i,p — i) onY (i = 0, . . . ,p) such that 

v 

dd c ([g}) + 6x = J2[ 7l *^ AQl ]- 

Proof. We divide the proof into three steps. 

Step 1. : The case where Y is projective. 

Let gi be a Green form of logarithmic type along X such that 

dd c {[ gi ])+6 x = [u) 

where u is a smooth form on F(E). Then, we can find a smooth form 77 on F(E) of the form 

v 

r? = ;>>*(A)Aff 

8=0 
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which represents the same cohomology class as oj, where is a ci-closed C°°-form of type 
(p — i,p — i) on Y . Since oj — rj is d-exact (p,p)-form, by the <i<i c -lemma, there is a smooth 
(p — l,p— l)-form (p with u — rj = dd c (<j)). Thus, if we set g = g± — <p, then g is of logarithmic 
type along X and 

dd c {[g\) + S X = dd c {[ 9l \) - dd%<P) + 5 X = [rj\. 

Step 2. : Let hi be another Hermitian metric of E, and Q' the Chern form of C?e(1) 
arising from h! . In this step, we will prove that if the lemma holds for h', then so does it for 
h. 

By our assumption, there exist a Green form g' of logarithmic type along X, and rf-closed 
C°° forms f3[ (i — 0, . . . ,p) of type (p — i,p — i) onY such that 

v _ 

' li 



dd\[g']) + 5 x = Y J W{&)^n 



i=0 

On the other hand, there is a real C°°-function a on F(E) with Q' — Q = dd c (a). Here note 
that if v is a d and (9-closed form on ¥(E), then c?c? c (f A a) = v A dd c (a). Thus, it is easy to 
see that there is a C°° form 9 on F(E) such that 

i=l i=l 

Therefore, if we set g = g' — 9 and $ = then we have our assertion for /i. 
Step 3. : General case. 

Using Hironaka's resolution [14[], there is a smooth projective variety Y 7 over C such that 



Y 



Y is an open set of Y'. Moreover, using [jT3[ Exercise 5.15 in Chapter II], there is a coherent 
sheaf E' on Y 1 with E'\ Y = E. Further, taking a birational modification along Y' \ Y if 
necessary, we may assume that E' is locally free. Let h! be a Hermitian metric of £" over 
Y'. Since P(E) is an Zariski open set of F(E'), let X' be the closure of X in P(E'). Then, 
by Step 1, our assertion holds for (E',h') and X'. Thus, so does it for (E, h'\ Y ) and X. 
Therefore, by Step 2, we can conclude our lemma. □ 

Lemma 9.1.3. Let g be a Green form of logarithmic type along X and uj a C°°-form with 
dd c ([g}) + 5 X = M- If we set q = ir*(g A Q r ~ p ), then q G L} oc (Y) and dd c ([q\) e L} oc (tt 
Moreover, if y aY and /, is smooth over y for every i, then q is C°° around y. 

Proof. By Proposition |1.2.5| , q is an L 1 -function on Y and 

dd c ([q]) = dd c (7r*(lg A n r - p })) = ^dd c ([g A 

= n*dd c ([g]) A {l r ~P = tt*([w] A il r - p ) - n*(5 x A n r ~ p ) 
= tt*[u A Q r - p ] - aMS Xl A Q r - p ) 

i 
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Thus, d<i c (k;]) G Lj^Qy 1 ). Moreover, if y G Y and fi is smooth over y for every i, then, by 
the above formula, c?c? c ([?]) is C°° around y. Thus, by virtue of || (i) of Theorem 1.2.2], <^ is 
C°° around y. □ 

Let us start the proof of Proposition |9.1.1| . Let g be a Green form constructed in 
Lemma |9.1.2| . Then, there are ci-closed /3j's with $ G A p ~ l,p ~ l {Y) and 

dd c ([g]) + 5 x = J2[^(&)^W]. 

If we set <j = 7r^((yf A Q r ~ p ), then by Lemma |9.1.3| , <j is locally an L 1 -form. We put 

g x = g-n*(^-\ 

which is clearly locally an L 1 -form on F(E). We will show that gx satisfies the conditions 
(i) and (ii). Using f P , E \_^ Y = 1j (ii) can be readily checked. Moreover, 



dd c ([g x ]) + 5 X = J2 A - dd'tir*^- 1 ] 

p-2 

= p p w + tt*([/Vi] - ^ C (M)) a fi^ 1 + [^(ft) A ff ] • 



i=0 



The remaining assertion is easily derived from Lemma |9.1.3| . □ 

Remark 9.1.4. Let y be a point of Y such that fi is smooth over y for every i. Then, by 
Proposition |9.1.1| , on the fiber 7r _1 (?/), gx\^-\( y \ is a Green form of logarithmic type along 
X y . Moreover, 

dd c {[gxl- Hy) \) + S Xy = deg(X y )[n%_ 1(y) ] 

and 

Thus, ffxl^-i^) is a ^-normalized Green form on 7r _1 (?/), and it is also a ^-normalized Green 
current in the sense of || 2.3.2]. 

9.2. Associated Hermitian vector bundles. Let GL r = SpecZLY ll5 X 12 , • • • , -X"r-r] detpfj) 
be the general linear group of rank r and SL r = Spec Z[Xu, Xl 2 , ■ • • , X rr ]/ (det(Xjj) — 1) be 
the special linear group of rank r. 

Let p : GL r — > GL^ be a morphism of group schemes. First, we note that 



p(C)(A) = p(C)(A), 

where p(C) : GL r (C) — > GL R (C) is the induced morphism and A G GL r (C). Indeed, the 
above equality is nothing but the associativity of the map 

Spec C — > Spec C — > GL r — GL r . 
Next, we consider the following condition for p; 
(9.2.1) pCA) = l p(A) for any A G GL r . 
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In the group scheme language, this condition means p commutes with the transposed mor- 
phism. 

Let U r (C) = {A G GL r (C) | t A ■ A = I r } be the unitary group of rank r. If a group 
morphism p : GL r — > GL R commutes with the transposed morphism, then 

I R = p(C)(I r )=p(C)CA-A) 

= p(C) CA) ■ p(C) (A) = V(C) (A) ■ piCKA), 

namely, p(C) maps U r (C) into Ur(C). 

Let k be an integer. A morphism p : GL r — > GL R of group schemes is said to be of degree 
kif 

p(tl r ) = t k I R for any t. 
In the group scheme language, this means that the diagram 

GLi ^ GL r 



GLi GL^ 

commutes, where A r and are given by 1 1 — ^ diag(i, t, ■ ■ ■ ,t) and a is given by 1 1— > t fc . 

Let F be an arithmetic variety, _E = (E 1 , h) a Hermitian vector bundle of rank r on F 
and p : GL r — > GL R be a morphism of group schemes satisfying commutativity with the 
transposed morphism. In the following, we will show that we can naturally construct a 
Hermitian vector bundle E P = (E p , h p ), which we will call the associated Hermitian vector 
bundle with respect to E and p. 

First, we construct E p . Let {Y a } be an affine open covering such that <f) a : E\y a — > 0®^ 
gives a local trivialization. On Y a n Y@, we set the transition function g a p = (p a ■ which 
can be seen as an element of GL r (r(Cy- an y 3 )). Then we define the associated vector bundle 
E p as the vector bundle of rank R on F with the transition functions p(T(OY a nY p ))(gai3)', 



Next, we define metric on E p . Let h a be the Hermitian metric on Oy a over Y a such that 
<p a : E\y a 0®l becomes isometry over F Q (C). Let 

e« = t (l,0,---,0),---,e« = t (0,---,0,l)Gr(O®;), 

/ 1 a = '(i,o,---,o),...,/s = '(o,... , o, i) e r(o®f ) 

be the standard local frames of Ot r and Ot R - We set 

J a 1 a 

H a = {h a (e^ } ej))i<ij< r - 

Then H a is a C°°-map over F a (C) and, for each point y in F a (C), H a (y) is a positive 
definite Hermitian matrix. Let p(C°°(F Q (C))) : GL r (C°°(F Q (C))) -> GL i? (C°°(F Q (C))) be 
the induced map. 
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Claim 9.2.2. p(C°° (Y a (C)))(H a ) is a C°°-map over Y a (C) and, for each point y in Y a (C), 
p{C co {Y a { ( C))){H Q ){y) is a positive definite Hermitian matrix. 

Proof. The first assertion is obvious. For the second one, we note that there is a matrix 
A G GL r (C) such that t A-A — H a (y). Then it is easy to see that p(C°°(Y a (C)))(H a )(y) is 
a positive definite Hermitian matrix by using ( |9.2.1| ). □ 

Now we define a metric h pa on Oy R over Y a by 

h^(f«,fn = P(C QO (Y a (C)))(H a ) kl 

for 1 < k, I < R. 

Claim 9.2.3. {h Pa } a glue together to form a Hermitian metric on E p . 

Proof. Let s a = \s^ • • • , s£) G r(0®f \ Ya nY ff ) and Sp = '(*?, • • • , 4) G r((9®f \ YanYg ). 

Then they give the same section of E p \ YaC[Y if ■ • ■ , s^) = pigapYisi > • • ■ , 4)- m this 
case, we write s a ~ sp. Now we take s a ~ sp and £ Q ~ tp. Then by a straightforward 
calculation using ( |9.2.1|) and Hp = t g a pH a ~g^p~ 1 we get h pa (s a ,t a ) = h p0 (sp,tp) on Y a n 5^. 

□ 

Remark 9.2.4. Let id r : GL r . — > GL r be the identity morphism, p\ = (id r )® fc , p 2 = 
Sym fc (id r ), and Ps = f\ (id r ). Further, let p4 : GL r — > GL r be the group homomor- 
phism given by A i— > M -1 . Then p 1; p 2 , p 3 and P4 are of degree k, k, k and —1, re- 
spectively. Let (E, h) be a Hermitian vector bundle of rank r. Then the associated vector 
bundles are (E® k ,h® k ), (Sym k (E), h p2 ), (r\ k (E),h ps ) and (E y ,h v ). Note, for example, that 
h p2 is not the quotient metric h quot given by E® k — > Sym fe (£'); Indeed, for a locally or- 
thogonal basis ei, • • • , e r of E and «i, • • • , a r G Z, h P2 {e°^ ■ ■ ■ e" r , e" 1 • • • e" r ) = 1, while 
h qU ot{eT ■ ■ ■ e?, e? 1 • • • e^) = a x \ ■ ■ ■ a r \/r\. 

9.3. Chow forms and their metrics. Let Y be a regular arithmetic variety, and E = 
(E, h) a Hermitian vector bundle of rank r on Y. 

Let p : GL r — > GL# be a group scheme morphism of degree commuting with the 
transposed morphism and £" P = (E p , h p ) the associated Hermitian bundle of rank R. We 
give the quotient metric on Oep{X) via n*(E pv ) — > Oep{1)- We denote this Hermitian line 
bundle by C SP (1). Further, let Q p = C\{Oep{^-)) be the first Chern form. 

Let X be an effective cycle in F(E P ) such that X is flat over Y with the relative dimension 
d and degree 5 on the generic fiber. Let gx be a f2 p -normalized Green form for X and we set 

X = (X,g x ). Then X G Z^^^E?)). Thus c 1 (C SP (l)) a!+1 ■ X belongs to ChJ(P(^))q. 
Hence, 

i 



7T» ^(^(l))^ 1 -^] GCH L1 (n 

Let us consider elementary properties of tt* ^ci(0 SP (l)) d+1 • X 

Proposition 9.3.1. Let X = X/fc=i a *Xfc be the irreducible decomposition of X as cycles. 
Let <f>k : Xfc — > Xfc fee a generic resolution of singularities of X/,. for each k, i.e., <pk is a 
proper birational morphism such that (X*;)q is smooth over Q. Let ik : X& F(E P ) be the 
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inclusion map and fk '■ — > F(E P ) the composition map i%. ■ <p^. Also we let : X& — > Y 
be the composition map it ■ i^ and fk '■ X/~ — > Y the composition map tt ■ j^. Let Y be the 
maximal open set of Y such that fa is smooth over there for every k. Then, we have the 
following. 

i 

(i) tt, (c 1 (o^X)) d+1 • x} = Y, a JUMjtoMi)) d+1 ). 

k=l 



In particular, 7r* ( Ci(0E P (l)) d+1 ■ Xj is independent of the choice of normalized Green 

forms g x for X, and vr, (ci(0 E r(l)) d+1 ■ jtj G CH Ll (Y; Y Q (C)). 
(2) Let y be a closed point of (Yq)q, and V the closure of {y} in Y . Here we choose gx 
as in Proposition |9.1.1| . Then, there is a representative (Z,gz) of Ci(0 Ep{Y)) d+1 • X 
such that 7r _1 (r / ) and Z intersect properly, and gz\^-u z \ is locally integrable for each 

Z ^ ^GalfQ/Q) (y) ■ 



Proof. We may assume that X is reduced and irreducible, so that we will omit index k 
in the following. 

(1) Let gx be a f2 p -normalized Green form for X. Then, by virtue of Proposition [2.4.2| , 

c l {0 E ~^i)) d+1 -X = j, (c 1 {f'0 E ~^)) d+1 ) + a(Q d+1 A [g x ]). 
Therefore, since it*(gx A Q d+1 ) = by the definition of gx, we get 

tt, (c^OeJS))^ 1 ■ x) = tt.j; (^(j* o^(i)) d+1 ) = /, (c!(i*o^(I)) d+1 ) . 

(2) First of all, we need the following lemma. 

Lemma 9.3.2. Let T be a quasi-projective integral scheme over 7L, L\, ... ,L n line bundles 
on T, and F a cycle on T. Then, there is a cycle Z onT such that Z is rationally equivalent 
to Ci(Li) ■ ■ ■ Ci(L n ), and that Z and T intersect properly. 

Proof. We prove this lemma by induction on n. First, let us consider the case n = 1. 
Let T = Ym=x a i^i be the irreducible decomposition as cycles. Let ji be a closed point of 
Tj \ {Jj+i Tj , and m ; the maximal ideal at Let H be an ample line bundle on X. Choose 
a sufficiently large integer N such that 

H\T, H m ® mi ® • • - ® m r ) = H\T, H m ® L x <g> m x <g> ■ • • ® m r ) = 0. 

Then, the natural homomorphisms 

r r 

HOfrH**)^®!! 9 "®^ and H°(T, H® N ® L x ) - H 9N ® L x ® «( Ti ) 

i=l i=l 

are surjective. Thus, there are sections si G H°{T,H® N ) and S2 G H°(T, H® N ® Li) such 
that si(7i) 7^ 0ands2(7i) 7^ for alH. Then, div(s2) — div(si) ~ ci(Li), and div(s 2 ) — div(si) 
and T intersect properly. 

Next we assume n > 1. Then, by hypothesis of induction, there is a cycle Z' such 
that Z' ~ C\{Li) ■ ■ -Ci(L n _i), and Z' and T intersect properly. Let Z' = ^2jbjTj be the 
decomposition as cycles. We set Tj = (Tj fl Supp(r)) re rf. Then, using the case n = 1, there 
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is a cycle Zj such that Zj ~ c\(L n \ T .), and and Tj intersect properly. Thus, if we set 
Z = J2j bjZj, then Z ~ Cj(Lj) ■ • • Ci(L n ), and Z and T intersect properly. □ 

Let us go back to the proof of (2) of Proposition |9.3.1| . By virtue of Lemma 9.3.2; , there is 
a cycle Z on X such that Z ~ C\ (z*(9Ep(l)) d+1 , and that Z and intersect properly. 

Then, Z ~ ci(0Ep(l)) d+1 -X, and Z and 7r _1 (r') intersect properly. Let (fix be a Green form 
of logarithmic type for X. Then, since 

c 1 (o E AT)) d+1 ■ (x,^) g cr r (f(e p )), 

there is a Green form <fiz of logarithmic type for Z such that (Z, <fiz) is a representative of 
ci(C B p(l)) d+1 • (X, <fix). Thus, if we set 



gz = <f>z + c 1 {0 EP {l)) d+1 A(g 



x - (Px, 



then (Z,g z ) is a representative of Ci(OEp{X)) d+l • X. Since Z and n 1 (T > ) intersect properly 
and gx has the property in Proposition |9.1.1| , we can easily see that gz is locally integrable 
along tt^O) for each z e Gal( Q /Q) (y). □ 



Here we recall some elementary results of Chow forms. Details can be found in ||. 
Consider the incidence subscheme T in the product 

F(E P ) x y F(E pv ) d+1 = F(E P ) x y F(E pv ) Xy-Xy P(£' PV ). 

Let i : T -> F(E p ) and j : T -> P(£ pv ) d+1 be projection maps. The Chow divisor Ch(X) of 
X is defined by 

Ch(X)=^*(X). 

The following facts are well-known: 

1. Ch(X) is an effective cycle of codimension 1 in F(E ps/ ) d+1 ; 

2. Ch(X) is flat over Y; 

3. For any y e Y, Ch(X) y is a divisor of type (5, 6, ■ ■ ■ , 5) in F(E py ) d+1 . 

Let p : P(E' ,v ) d+1 -> Y be the canonical morphism, and p< : P(E' ,v )' i+1 -> P(E' ,V ) the 
projection to the i-th factor. Then, by the above properties, there is a line bundle L on Y 
and a section <3>x of 

/ d+l 

H° \ F(E pV ) d+ \p*(L) ®®p*0 EP ,(6) 

such that div($ x ) = Ch(X). Since 

P* (p*(L) ® ®P*C B Pv(5)j = L® (Sjm\E p )f 

we may view $x as an element of H°(Y, L ® (Sym <5 (.E p )) (gld+1 ). We say $x is a Chow form 
of X. Clearly $x is uniquely determined up to H°(Y, Y ). 
As in 0, Proposition 1.2 and its remark], we have 

Cl (L)=7r* ( Cl (0 SP (l)) d+1 -X). 



$>d+l 
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We give a generalized metric Hl on L so that L = (L, h L ) satisfies the equality 
(9.3.3) ct(L) = tt, (cx(0^(i)) d+1 • X) 

inCH^y). 

Note that we can also give a metric L by the equation 

d+l 

(Ch(X))=p*(L)®0p*0 E v(5) 



and by suitably metrizing other terms, as is implicitly done in |27, 1.5]. We do not however 
pursue this here. 

9.4. Restriction of Chow forms on fibers. In this section we will consider the restriction 
of Chow forms on fibers. 



Let Y, E, p, X be as in § |9~3| . Let y be a closed point of Yq. Let V be the closure of {y} in Y, 
and T the normalization of T f . Let / : T — > Y be the natural morphism. We set E? = f*(E) 
and Er~ = (E r ,f *(h)). Also we put (iP) r = ,/*(£ p ) and (Ep) v = ((^)r, /* P ))- Then 
(£r) p is equal to (-E p )r, so that we denote (-E p )r by and (-E p )r by E^. Considering the 
following fiber product 

/' 



P(££) 



F(EP) 



Y 



we set Xy = f'*(X). Then X-p is flat over T with the relative dimension d and the degree S on 
the generic fiber. For this quadruplet (T,Er,p, Xr) in place of the quadruplet (Y, E, p, X), 
we can define in the same way the Hermitian line bundle Q e p(1) on F(E^), an arithmetic 

L^divisor Xr = {X r ,g Xr ) on F{E£) and the arithmetic ^-divisor < (c^O E p{l)) d+1 ■ X^j 

on T. Further, we have Lr = (Lr, hr) satisfying 

c 1 (I^)=7r:(c 1 (0^(I)) d+1 -X r ) 

in CLV(r). We also have Ch(X T ). Moreover, letting p[ : F((E^) v ) d+1 -> P((^) v ) be the 
i-th projection, there is a section <3>x r of 

H° (p((i^Y + V*(£r) 0^0(^05)) = #° (r,L r ® (Sym 5 ((^) v ))^ +1 ) , 

such that div($x r ) = Ch(X r ). 

Let us consider the following fiber product, 



P((££ 



P\V\d+l 



F((E 
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Then, we have the following proposition. 

Proposition 9.4.1. (i) g'* Ch(X) = Ch(Xr). Moreover, we can choose <£>x r to be f*$x- 
(ii) Let X\, ■ ■ ■ ,Xi be the irreducible components of X re d. Assume that, for every 1 < i < I, 
there is a generic resolution of singularities (pi : X{ — > Xi such that the induced map 
X{ —>■ Y is smooth over y for every i. Then the equality 

= <{cAO^T)) d+l -x T ). 

holds in CH L i(T). In other words, f*{L,h£) = (Lr,^L r )- 

Proof, (i) If / is flat, then this follows from the base change theorem. In the case / is 
not flat, we refer to the remark || 4.3. 2(i)], or we can easily see this using Appendix A. 

(ii) We take g x as in Proposition gXT] . Let a = c 1 {0^(J)) d+1 ■ X G GE L i{Y). By 
Proposition |9 .3 . 1| , we can take a representative (Z, gz) of a such that Z and 7r _1 (r') intersect 
properly, and gz is locally integrable along n~ 1 {w) for all w G Gal ,Q^{y). Now we have 

/*7r*(a) = f*(n*Z, [7r*g z ]) 



On the other hand, we have 



f*n*Z, ( / 9z ) • w . 

<f'*Z, Yl (f 9z)-w). 

•eo^W V,rl(,B) J ) 



Moreover, by Appendix A, f*ir if Z is equal to -k'J'*Z as a cycle. Thus we have proven the 
first equality. 

Now we will prove the second equality. Let (px be a Green form of logarithmic type for 
X. Since 

f* : 0OT*(P(£')) - 0CH l (P(^)) 

i>0 i>0 

is a homomorphism of rings (cf. |9|, 5) of Theorem in 4.4.3]). Thus, 

r (ci(oMi)) d+i ■ {xax)) = r%(oMi)) d+i ■ r(x,<f> x ). 

Therefore, since we take gx as in Proposition |9.1.1| , we can see 

r (ci(o^(i)) d+i • x) = r (cuo^a))^ 1 • ((x, <p x ) + (o, ^ - <Px))) 

= f'* (?i(0^(T)) d+1 • (A, X )) + a (/'*( Cl (^(l)) d+1 A {g x - <Px)) 
= f%(PMT)) d+1 ■ f'*(X, 4>x) + a [f\ Cl {0^{l)) d+1 A {g x - <Px))) 

= rc 1 (o^{r)) d+i -r{x,gx) 
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Moreover, as pointed out in Remark |9.1.4| , f'*gx is a normalized Green form for f'*X. Thus 
we have got the second equality. □ 



9.5. Chow stability and field extensions. Let p : GL. r — > GLr be a group scheme mor- 
phism of degree k commuting with the transposed morphism. Let S be a ring (commutative, 
with the multiplicative identity). For a positive integer 5 and d, we consider Sym 5 {S R )® d+1 . 
Then through the induced group homomorphism p(S) : GL r (S f ) — > GL R (S), GL r (S) (or 
SL r (S)) acts on Sym'(S ,Ji )® d+1 . 

Proposition 9.5.1. Let K be an infinite field and L an extension field of K. Let P be a 

homogeneous polynomial of degree e on Sym s (L R )® d+1 , i.e., P G Sym e (Sym s (L R )® d+lv ). 
Then we have the following. 

(i) P is SL r (K) -invariant if and only if P is SL r (L) -invariant. 

(ii) If P is SL r (K) -invariant, then 

P( v °y = (deta) ek{d+1)5 P{v) r 

in L for all v G Sym^L^)®^ 1 and a G GL r (L). 

Proof, (i) We only need to prove the 'only if part. Let Sl(P) = {o~ G SL r (L) | P a = P} be 
the stabilizer of P in SL r (L). Sl(P) is a closed algebraic set of SL r (L) and contains SL r (K). 
Since SL r (K) is Zariski dense in SL r (L), Sl(P) must coincide with SL r (L). 

(ii) Let M be an extension field of L such that it has an r-th root £ of det a. If a' is 
defined by o = £</, then a' G SL r (M). Since P is SL. r (M)-invariant by (i), we find 

p(v°y = p ((p(cxea')) -v) r = p ((eVc)(0) • 

in M. Hence the equality holds in L because both sides belong to L. □ 

Remark 9.5.2. More strongly, we can show that, for any integral domain S of characteristic 
zero, if P G Sym e (Sym'(S ,fl )®* flv ) is SL r (Z)-invariant, then P is SL r (S)-invariant. 

Now let Y, E, p and X be as in §9.3| . Recall that for a closed point y of Yq, Ch(X) y 
is a divisor of type (5,5, ■ ■ ■ ,5) in ¥(E py ) d+1 . Hence the Chow form restricted on y, i.e., 
$x\y — ®x y is an element of Sym s (K R ) d+1 . We say that X y is Chow semi-stable if &x y G 
Sym^K^)^ 1 is semi-stable under the action of SL r (K), where K is the residue field of y. 

Lemma 9.5.3. There are a positive integer e and SL r (Q) -invariant homogeneous polynomi- 
als Pi, ■ •• ,Pi G Sym e (Sym 5 (Z i? ) d+lv ), which depend only on p, d and 5, with the following 
property. For any closed points y G Yq, if X y is Chow semistable, then there is a Pi such 
that P0 Xy ) t^O. 

Proof. SL r (Q) acts linearly on Sym 5 (Q R )' i+1 . Since SL r (Q) is a reductive group, we can take 
SL r (Q)-invariant homogeneous polynomials Qi, - ■ ■ ,Qi such that they form generators of the 
algebra of SL r (Q) invariant polynomials on Sym 5 (Q' R ) d+1 . By clearing the denominators, we 
may assume that Qi, ■ ■ ■ , Qi is defined over Z. Let be the degree of Qi for % — 1, • • • , I. 
We take a positive integer e such that ej|e for i = 1, • • • , I. We set Pj = Q e J ei . 
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Let us check that Pj's have the desired property. Since X y is Chow semistable, there is a 
SL r (.^-invariant homogeneous polynomial F on Sym s (K R ) d+1 with F(<&x v ) 7^ 0, where K is 
the residue field of y. Let us choose oti, . . . ,a n EK and homogeneous polynomials F ± , . . . ,F n 
over Q such that F = a±Fi + • • • + a n F n and that a±, . . . ,a n are linearly independent over 
Q. Here, for a G SL r (Q), 

F a = a x F{ + ■■■ + a n F° n 

and Ffs are homogeneous polynomials over Q. Thus, we can see that Pj's are SL r (Q)- 
invariant. Moreover, since 

F(<S> Xy ) = aiFi($ x J + • • • + a n F n ($ Xy ), 

there is P; with Fi(& Xy ) 7^ 0. On the other hand, Pj is an element of Q[Qi, • • • , Qi}- Thus, 
we can find Qj with Qj($x y ) 0, namely P,($ X J ^ 0. □ 



10. Semi-stability and positiveness in a relative case 



10.1. Cornalba-Harris-Bost's inequality in a relative case. Let Y be an arithmetic 
variety and E = (E, h) a Hermitian vector bundle of rank r on Y. Let p : GL r — > GL# be a 
group scheme morphism of degree k commuting with the transposed morphism. 

Before we prove the relative Cornalba-Harris-Bost's inequality, we need three lemmas. 

Lemma 10.1.1. Let L be a line bundle on Y. Let P G Sym e (Sym*(Z fl )* flv )\{0} and 
suppose that P is SL r (Q) -invariant. Then there is a polynomial map of sheaves 

Vp-L® Sym 5 (E p f d+1 -> L® er <g> (det Ef ek(d+1)s 

given by P r , namely, ipp is locally defined by the evaluation in terms of P r . 



Proof. Let U be a Zariski open set, and <p : E\ 



u 



0® n and ij : L\ 



Ojj local 



trivializations of E and L respectively. Then, by the construction of E p , we have 



P , M : (Sym 5 (E"f 



u 



Sym 5 (0® R ) 



Thus we get 



(L <g> Sym 5 (E p f d+1 ^j | Sym 5 



Here, we define 

(p P \ v : (L^Sym^E")®^ 1 )^ -> (L^ er ® (det E)^ d+1 ^ 5 )\ u 
such that the following diagram is commutative. 



L <g> Sym 5 (P") 



Sym 5 (0®*) 



pr 



(l^® (det Er^)\ v fz^y^iz 



where P r is the map given by the evaluation in terms of the polynomial P r . In order to see 
that the local ^p\u glues together on Y, it is sufficient to show that <pp\ u does not depend 
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on the choice of local trivializations <fi and ip. Let 0' : E\ u ^—>- 0^ n and ip' : L\ v — Ou be 
another local trivializations. In the same way, we have the following commutative diagram. 

(L ® Sjm s (E?f d+1 ) | Sym 5 ( ® R f d+1 



fp\ 



pr 



(L® er ® (det £) WD*) | ^^r!^ a 



We set the transition functions g = <fi ■ (</>') 1 an d h — ip- Then by a straightforward 

calculation using (ii) of Proposition |9.5.1| , we get, on U, 

P r -{^® <t> pM ) = h re det( 9 y k ^ 5 P r ■ w ® <t>' pM ), 

which implies 

{i> er ® det(0) efc(d+1)5 ) ■ (^p^) = h re det(g) ek{d+1)s (^' er ® det(<//) efc(<m)5 ) • (^pU • 
Here note that 

h re det(<?) efc(d+1)5 = (^ er ® det(0) efc(d+1)5 ) • (^' er ® det(0') efc(d+1)5 ) _1 • 

Thus, we obtain ipp\ v — <fp\u- n 

Suppose now L is given a generalized metric Hl- Since both sides of 

Vp :L® Sym 5 {E p )® d+1 -> L® er ® (det ^)® efc(d+1)5 

in the lemma above are then equipped with metrics, we can consider the norm of (pp. Before 
evaluating the norm of <pp, we define the norm of P as follows; We first define the metric 
|| • || can on Sym a (C n )® rf+1 induced from the usual Hermitian metric on C; We then define |||P||| 
by 

III Pill 

II -P II = SU P I, |, e , 

^eSym 4 (C' I ) s>d + 1 \{0} I PI I can 

where P is regarded as an element of Sym e ((Sym <5 (C m ))® d+1 ) v ). 

Lemma 10.1.2. For any section s G H°(Y,L ® (Sym 5 (^))® d+1 ) and any complex point 
y G y(C) around which h^ ® (Sym <5 (/i p )) <x,c(+1 is C°°, we have 

\\Ms)\\(y)<l\P\l r \\s\r(y). 

Proof. By choosing bases, E(y) and in L(y) are isometric to C n and C with the canonical 
metrics, respectively. Then, with respect to these bases, E P is by its construction isomorphic 
to C R with the canonical metric. Recalling that ipp is given by the evaluation by P r once 
we fix local trivializations of E and L, the desired inequality follows from the definition of 

III -PI- D 

Now let X be an effective cycle in F(E P ) such that X is flat over Y with the relative 
dimension d and the degree 6 on the generic fiber. In §9.3] we constructed a Chow form 
$x of X, which is an element of H°(Y,L ® (Sym* (EP))®* +1 ) . Recall that L is given a 
generalized metric by ( |9.3.3| ). For each irreducible component Xi of X re d, let Xi — > Xi be a 
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generic resolution of singularities of X^ Moreover, let Y be the maximal open set of Y such 
that the induced morphism Xi — > Y is smooth over Yq for every i. 

Further, we fix terminologies. Let T be a quasi-projective scheme over Z, t a closed point 
of Tq, and K the residue field of t. By abuse use of notation, let t : Spec (if) — > T be 
the induced morphism by t. We say t is extensible in T if £ : Spec(if) — ► T extends to 
t : Spec(Oi^) — > T, where Ok is the ring of integers in K. Note that if T is projective over 
Z, then every closed point of Tq is extensible in T. 

Let V be a set, a non- negative function on V, and 5 a finite subset of V. We define the 
geometric mean g.m.(0; S) of over 5 to be 



We will evaluate the norm of $x- 

Lemma 10.1.3. There is a constant c\(R,d,5) depending only on R,d and 5 with the fol- 
lowing property. For any closed points y of (1q)q with y extensible in Y , 



g.m. [\\®x\\L®(Sym s (E p ))® d +li °Gal(Q/Q) ^ J - c l( R i d i$)- 

Proof. Let K be the residue field of y. Let T be the normalization of the closure of {y} 
in Y. Then, since y is extensible in Y, T = Spec(O^). Thus, by virtue of Proposition |9.4.l| 
we may assume Y = Spec(O^). In this case, the estimate of the Chow form was already 
given in [|], Proposition 1.3] and [||, 4.3]. Indeed if we let be the metric on L such that 



for every w G Gal( Q /Q) (y) , then deg(L, h L ) = h^^j(X) and deg(L, k L ) = h Herm (Ch(X)), 



Now we will state a relative case of Cornalba-Harris-Bost's inequality. 

Theorem 10.1.4. Let Y be a regular arithmetic variety, E = (E,h) a Hermitian vector 
bundle of rank r on Y , p : GL r — > GL^ a group scheme morphism of degree k commuting 
with the transposed morphism. Let X be an effective cycle in F(E P ) such that X is flat over 
Y with the relative dimension d and degree 5 on the generic fiber. Let Xi, . . . ,Xi be the 
irreducible components of X re d, and Xi — > Xi a generic resolution of singularities of Xi. Let 
Y be the maximal open set ofY such that the induced morphism Xi — » Y is smooth over Y Q 
for every i. Let (B,Iib) be a line bundle equipped with a generalized metric on Y given by 
the equality: 



Then, Hb is C°° over Yq. Moreover, there are a positive integer e = e(p,d,5), a positive 
integer I = l(p,d,5), a positive constant C = C(p, d, 5), and sections s\, . . . , si G H°(Y, B® e ) 
with the following properties. 

(i) e, I, and C depend only on p, d, and 5. 

(ii) For a closed point y ofYq, if X y is Chow semistable, then Sj(y) ^ for some i. 




'^ll(L,fc L )®(Sym' 5 (£ p ))® d + 1 ( U ') — 



in the notation of . 



□ 
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(iii) For all i and all closed points y of (Y )q with y extensible in Y , 

g.m. ((hf) (s u si); Gal(WQ) (y)) < C. 

In particular, if we set 

/3 = e (nr* (c 1 (0^(Vj) d+1 ■ x\ + k5(d + 1)^(1)) + a(logC), 

then, for any closed point y G (Yq)q with X y Chow semistable, there is a representative (D, g) 
of (3 such that D is effective, y D, and that 

E 9(w) > 

U,eC? Gal(Q/Q)( Z ) 

for all z G (Yq)q with z extensible in Y. 

Note that if p is the identity morphism, then, by the proof below, C (p, d, 5) is depending 
only on r,d,5. 

Proof. First of all, by Proposition 3.3.1|, 

rvr* (ci(0^(I)) d+1 ■ X) + k5(d + l)ci(S) G CH L i(Y; Y (C)). 

Thus, h B is C °° ove r K (C). 

By Lemma |9.5.3| , there are a positive integer e and SL r (Q)-invariant homogeneous poly- 
nomials Pi, • • • ,Pi G Sym e (Sym <5 (Z' R ) <i+lv ) depending only on p, d and 5 such that if X y is 
Chow semistable for a closed point y of Yq, then Pi($x„) 7^ for some p. For later use, we 
put c 2 (p, d, 5) = maxdPjJ, ■ ■ • , |||P|||}, which is a constant depending only on p, d and S. 

Recall that the Chow form $y is an element of H°(Y,L ® (Sym 5 (P^))^ d+1 ) and by 
Lemma |10.1.1| Pj induces a polynomial map of sheaves 

<p Pi : L ® Sym^P^)®^ 1 -> L® er <g> (det E) ek{d+1)s . 

Hence we have 

<p Pi ($x) G P° (F,L^ er ® (detP) efe(d+1)5 ) = H°(Y, B® e ) 

by ( |9.3.3D . Here we set Sj = <pp t ($x)- Then, the property (ii) is obvious by the construction 
of ifp i and (i) of Proposition |9.4.1| . 

Now we will evaluate ||sj||. Let y be a closed point of (Yo)q with y extensible in Y. 
Combining Lemma |10.1.2| and Lemma |10.1.3| , we have 

g.m. (||s f ||; Gam/Q) {yfj < g.m. (j||P||| r ||$x|| er ; O Ga i(0/Q)(f)) 

<c 2 (p,d,5) r Cl (P,d,5) er . 

Now we put 

C(p, d, 5) = Cl (P, d, 5) 2r c 2 (p, d, 5) 2er , 
which is a positive constant depending only on p, d and 5. Thus, we get (iii). □ 
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Remark 10.1.5. Here let us consider the geometric analogue of Theorem |10.1.4|. Let Y 



be an algebraic variety over an algebraically closed field k, E a vector bundle of rank r, 
p : GL r — > GL# a group scheme morphism of degree I commuting with the transposed 
morphism. Let X be an effective cycle in F(E P ) such that X is flat over Y with the relative 
dimension d and degree 8 on the generic fiber. Here we set 

b x/Y (E,p) = rvr* ( Cl (0 EP (l)) d+1 -X)+lS(d+l) Cl (E), 

which is a divisor on Y. In the same way as in the proof of Theorem |10.1.4| (actually, this 
case is much easier than the arithmetic case), we can show the following. 

There is a positive integer e depending only on p, d, and 5 such that, if X y is Chow 
semi-stable for some y G Y, then 

H (Y,O Y (eb x/Y (E,p))) ®O y ^ Y (eb x/Y (E,p)) 

is surjective at y. 
This gives a refinement of @, Theorem 3.2]. 

10.2. Relationship of two theorems. In this subsection we will see some relationship 
between the relative Bogomolov's inequality (Theorem |8.1| ) and the relative Cornalba-Harris- 
Bost's inequality (Theorem |10.1.4p . For this purpose, we will first show a more intrinsic 
version of Theorem |10.1.4j . 

Proposition 10.2.1. Let f : X — > Y be a flat morphism of regular projective arithmetic 
varieties with dim / = d. Let L be a relatively very ample line bundle such that E = f*{L) is 
a vector bundle of rank r on Y . Let rj be the generic point of X and 5 = deg(L^). Moreover, 
let i : X —>■ F(E V ) be the embedding over Y . Assume that E is equipped with an Hermitian 
structure h so that L is also endowed with the Hermitian structure by i*C>Ev(l) — L. Let 
Yq be the maximal open set of Y such that f is smooth over Yq. Then, there is a positive 
integer e(r, d, 5) and a positive constant C(r, d, 5) depending only on r, d, 5 with the following 
properties. If we set 

(3 = e(r, d, 6) (rf^L)^ 1 ) - S(d + l)ci(!)) + a(log C(r, d, 6)), 

then, for any closed point y G (Yq)q with X y Chow semistable, there is a representative (D, g) 
of 13 such that D is effective, y ^ D, and 

E 9(w) > 

U,e( - ) Gal(Q/Q)( 2: ) 

for all z G (Y )q. 

Proof. We identify X with its image by i. Let n : F(E) — > Y be the projection. Then, 
by Proposition |9.3.1| , we get 

7T. (c^O^l))^ 1 ■ X) = /,(Cl(I) d+1 ) 

Thus, applying Theorem |10.1.4j for (Y, E y , id, X), we get our assertion. □ 
The following proposition will be derived from Theorem I 
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Proposition 10.2.2. Let f : X — > Y be a projective morphism of regular arithmetic va- 
rieties such that every fiber of fc : X(C) — > Y(C) is a reduced and connected curve with 
only ordinary double singularities. We assume that the genus g of the generic fiber of f is 
greater than or equal to 1. Let L be a line bundle on X such that (l)the degree 5 of L on 
the generic fiber is greater than or equal to 2g + 1, (2) E = f*(L) is a vector bundle of rank 
r on Y (actually r = 5 + 1 — g), and that (3) f*(E) — > L is surjective. Assume that E is 
equipped with an Hermitian structure h so that L is also endowed with the quotient metric 
by f*(E) — > L. Let Yq be the maximal open set ofY such that f is smooth over Yq. Then, 
for any closed points y of (Yq)q, 



rU{c l {Lf)-25c l {E) 
is weakly positive at y with respect to any finite subsets ofY (C). 

Note that if the base space is Spec(O^), then the second author showed in [^1], Theo- 
rem 1.1] the above inequality (under weaker assumptions) using |Tj| Corollary 8.9]. Since 
we can prove Proposition |10.2.2| in the same way as pi , Theorem 1.1], we will only sketch 
the proof. 

Proof. Let S = Ker(f*(E) — > L) and h s the submetric of S induced by h. Then, by |7J], 



S z is stable for all z G Yo(C). Applying Theorem |87l] for S = (S,hs), we obtain that if y is 
a closed point of (Y )q, then 

/,(2(r-l)c 2 (5)-(r-2)c 1 (5) 2 ) 

is weakly positive at y with respect to any finite subsets of Y (C). If we set p = c 2 (f*E) — 
C2(S © L), then there is g G Z^ oc (F(C)) such that = a(g), g is C°° over Y (C), and 

g > on Yo(C). Now by a straightforward calculation, we have 

/.(2(r - l)c 2 (S) - (r - 2)c 1 (5) 2 ) + 2(r - l)A(p) 

= /, (2(r - l)c 2 (f*E) - (r - 2)c 1 (f*E) 2 ) + /* K(I) 2 - 2c 1 (f*E) ■ ci(Z)) 

= r/,(c 1 (I) 2 )-25c 1 (E). 



□ 



Let us compare Proposition |10.2.1| with Proposition 
arithmetic positivity of the same divisor (although d = 1 in Proposition |10.2.2 



10.2.2| . Both of them give some 

under the 



assumption of some semi-stability (of Chow or of vector bundles). The former has advantage 
since it treats varieties of arbitrary relative dimension. On the other hand, the latter has 
advantage since it shows that the anonymous constant in the former is zero (see also [271). 
Moreover, in the complex case, the counterpart of the relative Bogomolov's inequality of 
Theorem |8.1| has a wonderful application to the moduli of stable curves (|[22|). 
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Appendix A. Commutativity of push-forward and pull-back 

Let / : X — > Y be a smooth proper morphism of regular noetherian schemes, and u : 
Y' — > Y a morphism of regular noetherian schemes. Let X' = X x Y Y' and 



X 



Y <- 



/' 



- y 

the induced diagram. Let Z be a cycle of codimensionp and |Z| the support of Z. We assume 
that codimx'(M /_1 (|Z|)) > p. Then, it is easy to see that codimy/ (■u _1 (|/ ;(t (Z)|)) > p — d, 
where d = dimX — dimF. Thus, we can define fl(u'*(Z)) and u*(f*(Z)) as elements of 
Z p - d (Y'). It is well known, we believe, that ft(u'*(Z)) = u*{f*{Z)) in Z p - d (Y'). We could 
not however find any suitable references for the above fact, so that in this section, we would 
like to give the proof of it. 



Let X be a regular noetherian scheme, and T a closed subscheme of X. We denote 
by K' T (X) the Grothendieck group generated by coherent sheaves F with Supp(F) C T re d 
modulo the following relation: [F] = [F'\ + [F"\ if there is an exact sequence — > F' — > F — > 
/•" •(). 

Let p be a non-negative integer, and X^ the set of all points a; of X with codimx {x} = p. 
We define Z V T [X) to be 

Z P T (X)= Z.Jx}. 

We assume that codimx T > p. Then, we can define the natural homomorphism 

z p : K' T (X) -> Z P T (X) 

to be 

where /o x ^(-F^) is the length of F x as (9x,x-modules. Note that if codimx T > p, then z v = 0. 

Let / : X — > F be a proper morphism of regular noetherian schemes, and T a closed 
subscheme of X. Then, we define the homomorphism /* : K' T (X) — > X^ T -j(F) to be 

urn) = Y} Ri ^ F )\- 

i>0 

Here we set d = dimX — dimF. Let p be a non- negative integer with codimxT > p and 
p> d. Then, codimy f(T) > p — d. First, let us consider the following proposition. 
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Proposition A.l. With notation as above, the diagram 

K' T (X) Z P T (X) 



is commutative. 

Proof. For a coherent sheaf F on X with Supp(F) C T red , there is a filtration = F C 
Fi C • • • C F n = F with Fj/F_i ~ Ox /Pi for some prime ideal sheaves F on X. Then, 

'/.W[^)) = n=iAWMD) 

^- d (/.([^)) = Er=i^- d (/*([0x/F])). 

Thus, we may assume that F = Ox / P for some prime ideal sheaf P with Supp((9x /F) C T re d 
and codim x (Spec(C x /F)) = p. We set Z = Spec(C x /F). Then, z p {[O x /P}) = Z. 

First, let us consider the case where dim/(Z) < dimZ. In this case, /*(Z) = 0. On the 
other hand, since Supp(F7*(£> x /F)) C f(Z), we can see that z^^R 1 U(O x / P)\) = for 
all % > 0. Thus, z p - d (f*([0/P})) = 0. 

Next, we assume that dim/(Z) = dimZ. Then, Z — > f(Z) is generically finite. Thus, 
Supp(F l /*(Cx/F)) is a proper closed subset of f(Z) for each % > 1. Therefore, we have 

^- d (/*([0x/F])) = ^- d ([/,(C» x /F)]) = /*(Z). 

□ 

Let g : Z — > X be a morphism of regular noetherian schemes, and T a closed subscheme 
of X. Then, we define the homomorphism g* : K' T (X) — > K'^^JZ) to be 



i>0 



Let p be a non- negative integer with codimxF > p and codim z (g X (F)) > p. Here let us 
consider the following proposition. 

Proposition A. 2. Let F and G be coherent sheaves on X with Supp(F), Supp(G) C T re d- 
IfzV{[F\) = z P ([G]), then z p {g*{[F])) = z p (g*([G])). 

Proof. Let = F C Fi C • • • C F n = F and = G C d C • • • C G m = F be filtrations 
of F and G respectively such that Fj/F^x ~ O x /Pi and Gj/Gj-i ~ O x /Qj for some prime 
ideal sheaves F and Qj on X. Then, 

/(^([G])) = Er=i^([°WQi])) 

Thus, it is sufficient to show that z p (g*([(!)x/F])) = for all prime ideals F with 

Supp(0 x /F) C F red , codim x (Supp(O x /F)) > p and codim z (^- 1 (Supp((!) x /F))) = p. 
This is a consequence of the following lemma. □ 
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Lemma A. 3. Let (A,m) and (B,n) be regular local rings, <fi : A — > B a homomorphism of 
local rings, and M an A-module of finite type. 7/Supp(M ®a B) = {n} and 

codim Sp ec(s)(Supp(M ® A B)) < codim Sp ec(A)(Supp(M)), 

then 

^(-l)VTorf(M, £)) = (). 

Proof. We freely use notations in |25], Chapter I]. Let / : Spec(£>) — > Spec(A) be a 
morphism induced by : A — > B. We set Y = Supp(M) and q = codims P ec(A)(Supp(M)). 
Let P. -»• M be a free resolution of M. Then, [P.] e F q (Spec(A)) . Thus, by g§ (hi) of 
Theorem 3 in 1.3], 

[f*(p)} = [P ® A B ] e F«Kt } (Spec(B)) Q 
because / _1 (Y) = Supp(M ®a B) = {n}. On the other hand, since 

q > codim Spec(jB )(Supp(M ® A B)) = dim B, 

we have F^ {n} (Spec(£)) Q = {0}. Thus, [P. ® A S] = in tf,j n} (Spec(fl)) because 

^ M (Spec(5)) ~Z 

has no torsion. This shows us our assertion. □ 



As a corollary of Proposition [A.2|, we have the following. 



Corollary A. 4. With notation as in Proposition |A.2| , 



^/-i(T)(^) * ^/-i(T)(^) 

commutative. Note that g* : Z^,(X) — > Z V ^_ X ^{Z) defined by g*(Z) = z p (g*([Oz})) for 
each integral cycle Z in Z^(X). 

Let / : 1 -> 7 be a flat proper morphism of regular noetherian schemes, and w : V — > K 
a morphism of regular noetherian schemes. Let X' = X x Y Y' and 

X X' 

r 

y ( - r 

the induced diagram. We assume that X' is regular. Note that if / is smooth, then X' is 
regular. We set d = dimX — dim Y = dimX' — dimY'. Let T be a closed subscheme of X, 
and p a non-negative integer with codim^ T > p, codimx'(w' -1 (T)) > p and p > d. Note 
that codimy f{T) > p — d and codimy/(u~ 1 (/(T))) > p — d because u~ l (f(T)) = /'(u /_1 (T)). 
Then, we have the following proposition. 
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Proposition A. 5. The diagram 



z p T (x) 



/CO \ > *v,-Hf(T))\ x 



«* rvp-d 



(/cor 



is commutative. 

Proof. Since / is flat, by [|T2| , Proposition 3.1.0 in IV], for any coherent sheaves F on X, 

L.u* (Kf*(F))^R fi(L.u'*(F)), 
which shows that the diagram 



f* 



n 



is commutative. Thus, by virtue of Proposition |A.1| and Corollary |A.4| , we can see our 



proposition. 



□ 
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